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Abstract: The dependence of the various curves in the phonon dispersion of graphene on the particular 

pseudopotential used is analysed. By using three different pseudopotentials, we did a first principle calculation 

using the Quantum-ESPRESSO. It was found that the phonon frequencies of the various branches of graphene 

and some few layers graphene (FLGs) in addition to the crossings at some special symmetry points were 

dependent on the pseudopotential used. 
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I. Introduction 
The characteristic electronic properties of graphene (which is a single layer of graphite) in addition to 

the Dirac-like nature of the electrons near the Fermi level have made it a subject of public discuss in the 

scientific circle recently. The possibility of controlling the carrier density in the graphene sheet by simple 

application of a gate voltage [1] endows it with ballistic conduction at room temperature thus making it a 

potential candidate for both flexible transistors [2-5] and interconnects. In addition, it is emerging as an ultra-

sensitive probe for measuring strain [6, 7] just to mention but a few of such properties. Essentially, these 

properties are mediated by phonons. The phonon dispersion of graphite has not been fully resolved 

experimentally, this is not unrelated to the lack of large enough samples of crystalline quantity. It has been 

partly measured by inelastic neutron scattering (INS) [8], electron energy loss spectroscopy (EELS), and 

inelastic x-ray scattering (IXS) [9, 10]. 

Experimental data on the phonon dispersion of graphene are rare in the optical modes. Some of the few 

existing ones [11, 12] scatter widely and until the works by Ref. [9, 10] were missing completely for the K M 

direction. The dispersion of the transverse optical (TO) phonon mode is hardly known from the Γ point. The 

existing calculations [9, 13 17] leave much to be desired about the frequencies, slopes, and crossings of 

particular phonon branches. For example Ref. [18] calculated the phonon spectrum of graphene sheet, using a 

hybrid of the model proposed by Ref. [13], the results agreed partly with the IXS data of Ref. [10] but disagreed 

greatly at the K and M points for the TO and LO branches. Nevertheless, by extrapolating their IXS data, Ref. 

[10] obtained  the TO frequency at the K point to be 1265 ± 10 cm
-1

 but alluded to the fact that their measured 

frequency was below 1300 cm
-1.

. However, none of the references cited above came close to this value. In 

addition, most of the calculations [19 24] report that the transverse optical (TO) branch has a minimum at the 

K-point, while a local minimum is predicted by Refs. [25 26].  Also, the calculated frequencies at the K and M 

points differ by up to 300 cm
-1

, leading to differences in the slopes and even in the general shapes of the 

calculated phonon dispersions. 
The contradiction in most existing calculations as spelt out above is the motivation behind this study. We 

calculate the phonon dispersion of graphene and some FLGs using the density functional theory (DFT) 

performed using Quantum ESPRESSO (QE) codes [27] with the local density approximation (LDA). We used 

the Trouller Martin (TM) norm-conserving pseudopotentials and Rappe Rabe Kaxiras Joannopoulos ultra-soft 

(RRKJUS) pseudopotential, which is a Perdew-Zunger (LDA) exchange correlation functional. The wave 

functions were expanded using energy cut-off between 25 50 Ryd depending on the pseudopotential. We used 

Methfessel Paxton smearing [28] in the calculations with an energy cut off of 0.02 Ryd. A Monkhorst-Pack 

grid  of 16 × 16 × 1was used  for the Brillouin zone sampling. An in-plane lattice constant  of 4.6595 a.u. (or 

2.466 Å) and an interlayer distance of 10  were used in the calculation. The results are fitted to the 

experimental data of Refs. [9, 10]. We also compared the correlations and discrepancies between the 

experimental data and the calculated ones. 
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II. Method 
The phonon frequencies  are determined by solving the secular equation [29]: 

 (1) 

sM and tM  are the atomic masses of atoms s  and t  respectively and the dynamical matrix is defined as: 

 (2) 

where  denotes the displacement of atom  in the direction . The second derivative of the energy in (2) is 

the change in the force  acting on atom  in the direction  due to a displacement of the atom s  in the 

direction  : 

 (3) 

Because lattice distortion of a wave vector  does not induce a force response in the crystal at a wave vector 

, interatomic force constants are most easily calculated in reciprocal space and by Fourier transformation, 

can be recovered back in direct space if needed. Coincidentally, the matrix of interatomic force constants is the 

sum of both the ionic and electronic contributions, i.e.: 

 

  (4) 

where 

  (5) 

and 

  (6) 

                      

  is the number of unit cells in the crystal  is the ground state electronic charge density,  the 

position of the th unit cell in the Bravais lattice,  is the equilibrium position of the unit cell,  is the 

deviation from equilibrium of the nuclear position and  is the ionic (pseudo-) potential corresponding to the s
th

 

atomic species. For the explicit form of the ionic contribution to the matrix of interatomic force constants, 

 in (4), [ see the review by 29, for details]. 

 

In the next section, we will show the dependence of the phonon frequencies on the pseudopotentials vis-a-vis 

the exchange-correlation functional implemented using the QE codes [27]. 

 

III. Results 
Fig. 1 shows the phonon dispersion of a monolayer graphene calculated using the equilibrium lattice 

constant of 4.6595 a.u. obtained after the relaxation of the system. TM norm-conserving pseudopotentials were 

employed in the calculation and the Brillouin zone was sampled with a  Monkhorst-Pack grid. 

Methefessel-Paxton smearing and an energy cut-off of ∼0.02 Ryd. were used. Observe the crossings of the 

various branches at the K- and M-points. 

 
Figure. 1 Phonon dispersion of monolayer graphene. 
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By replacing the pseudopotential with an ultrasoft pseudopotential (C.pz-rrkjus.UPF), the phonon dispersion 

shown in Fig. 2 was obtained. Observe, at the M point, the gap (∼ 13 cm
-1

) between the TO and LA branches in 

Fig. 2b and that (∼29.79 cm
-1

) between the ZO and TA branches. This suggests that the type of pseudopotentials 

used could have significant effect(s) on the calculated frequencies both at the optical and acoustical regions. 

Observe the circle in (a) which is visibly absent from Fig. 1. 

 

 
Figure 2: Phonon Dispersion of Graphene. (a) The phonon dispersion in the KM-direction and (b) Magnified 

view of the Optical Phonon in the KM direction. Observe the circled gaps in the two figures: in (a), ZO and TA 

cross each other before the special symmetry point M while the gap shown in the magnified view in (b) is not 

conspicuous in (a). 

In Fig. 3, the calculated phonon dispersion is plotted along with the experimental data of Ref. [10], 

(triangles) and those of Ref. [9] (circles). Observe the close correlation between the experimental data and their 

calculated counterparts. On the contrary, the calculated data do not match excellently well with the INS data of 

Ref. [9] in the optical region for the choice of pseudopotential chosen for this calculation. 

 

 
Figure 3: Calculated Phonon dispersion of graphene fitted to the IXS data of Ref. [10] (triangles) and the INS 

data of Ref. [9] (circles). 

 

In the next section, we will explore the effects of different pseudopotentials to see how the slopes of the various 

branches are affected by the pseudopotential used. 

 

IV. Effects Of Different Pseudopotentials 
In this section, the phonon dispersions of graphene using different pseudopotentials and by implication different 

exchange-correlation functionals are computed. Fig. 4 is obtained using an ultrasoft pseudopotential C_pbe-

van_bm_UPF (PS) which is a Perdew-Burke-Ernzerhof (PBE) exchange-correlation functional [30]. Observe 

that the phonon dispersion agrees largely with the experimental results of Refs. [9, 10] and that the gap between 

the LO and LA branches is more pronounced than it was in Figs. 1, 2 and 3. 
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Figure 4: The phonon dispersion of graphene calculated using the pseudopotential C_pbe-van_bm_UPF.  

Circles are the INS data of Ref. [9] triangles are the IXS data of Ref. [10]. 

 

 
Figure 5: The phonon dispersion of graphene calculated using the pseudopotential C.pz-rrkjus.UPF. Circles are 

the INS data of Ref. [9] triangles are the IXS data of Ref. [10] and the solid line is our calculated points. 

 

The result of the calculation done with an ultrasoft pseudopotential; the RRKJ pseudopotential C.pz-rrkjus.UPF 

(which is a Perdew-Zunger (LDA) exchange-correlation functional) [31] is presented in Fig. 6. Within the wave 

function cut-off explored in the calculation, it was observed that the result of the calculation does not match 

perfectly with the experimental data of Ref. 10 (triangles). This is observed especially along the ZO branch in 

the MΓ- and KM-directions and led to the observed gap between the ZO and TA branches at the special k-point 

M. This gap is either missing or very narrow for the other pseudopotentials used thus far. Nevertheless, the 

agreement with the INS data of Ref. [9] especially in the optical region cannot be over-emphasized. 

 

 
Figure 6: The phonon dispersion of graphene calculated using the pseudopotential C.pz-rrkjus.UPF. Circles are 

the INS data of Ref. [9], triangles are the IXS data of Ref. [10], and the solid line is our calculated points. 
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The results of the calculations done, using the pseudopotentials C_pbe-van_bm_UPF and C.blyp_van.ak.UPF 

are shown in TABLE 1 for graphene and graphite along with some experimental data. The data presented for 

AB bilayer and ABA trilayer were obtained using C.blyp_van.ak.UPF. The first two entries under graphene are 

the present work; the first entries were obtained with the pseudopotential C_pbe-van_bm_UPF while in the 

second C.blyp_van.ak.UPF was used. The first entries under graphite are also the current work. Observe that the 

calculated TO frequencies (1305 cm 
-1

 , 1267 cm ) at the special symmetry point K are very close to the 

frequency, 1265 cm , that was obtained from the extrapolation of the IXS data of Maultzsch et al. [9]. 

However, the frequency obtained for the norm-conserving pseudopotential C blyp-mt UPF was much higher, 

~1327 cm . 

Fig. 7 shows the phonon dispersion of some FLGs calculated using C.blyp van.ak.UPF. Although the phonon 

frequencies in (a) and (d) appear degenerate except at the frequencies below 200 cm   however, (b), (e) and (f) 

reveals that all the frequencies are non-degenerate. 

 

TABLE 1: Phonon frequencies ω(cm
−1

) of Graphene and Graphite at some high symmetry points. The first two 

entries under Graphene are current work; the first entries were obtained with the pseudopotential C_pbe-

van_bm_UPF while in the second C.blyp_van.ak.UPF was used. All the other unreferenced data are the current 

work. 

k_point   Frequency(cm
−1

)   

 Graphene  AB  ABA  Graphite  Graphite(Expt)
h
 

ΓZO 869, 870, 881
a
 870 864 867, 879

b
 861

b
 

ΓLO 1578, 1552, 1554
a
 1578 1588 1575, 1559

b
 1590

c
, 1575

d
 

ΓTO 1578, 1552, 1554
a
 1578  1587, 1567

b
  

MZA 467, 456, 471
a
 466 526 471, 477

b
 471

f
 , 465

c
, 451

g
 

MTA 620, 625, 626
a
 621 620 621, 634

b
 630

d
 

MZO 627, 634, 635
a
 625 620 867, 626 670

c
 

MLA 1331, 1330, 1328
a
 1336 1338 1335, 1328

b
 1290

e
 

MLO 1353, 1334, 1340
a
 1357 1365 1355, 1340

b
 1321

e
 

MTO 1408, 1368, 1390
a
 1411 1424 1410, 1394

b
 1388

e
, 1389

c
 

KZA 523, 521, 535
a
 529 526 520, 535

b
 482

g
, 517g, 530

e
 

KZO 533, 521, 535
a
 531 527 527, 539

b
 588

d
, 627

e
 

KTA 990, 1007, 997
a
 993 991 993, 998

b
  

KLA 1223, 1207, 1213
a
 1227 1232 1323, 1216

b
 1184

e
, 1202

e
 

KLO 1221, 1207, 1213
a
 1227 1234 1225, 1216

b
 1184

e
, 1202

e
 

KTO 1305, 1264, 1288
a
 1311 1328 1323, 1319

b
 1313

g
, 1291

e
 

a
Ref. [10], 

b
Ref. [32], 

c
Ref. [33], 

d
Ref. [34], 

e
Ref. [9], 

f
Ref. [8], 

g
Ref. [35], 

h
As reported by Ref. [32], and the 

references therein. 

 

 
Figure. 7 below is the phonon dispersion of some FLGs calculated using C.blyp_van.ak.UPF. Though the 

phonon frequencies in (a) and (d) appear degenerate except at the frequencies below  200 cm
-1

 however, (b), (e) 

and (f) show that all the frequencies are actually non-degenerate. 

 

V. Conclusion 
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The dependence of the various curves in the phonon dispersion of graphene on the particular 

pseudopotential used had been looked at in this work. We showed that the various branches and crossings of the 

phonon frequencies at the special k-points depend greatly on the pseudopotential, by implication the kinetic 

energy cutoff, used in the calculations. It was shown, see Fig. 5 for instance, that the TO branch has a minimum 

at the K symmetry point ( ∼1264 cm
-1

 for the pseudopotential C.blyp van.ak.UPF which is an ultrasoft 

pseudopotential and ∼1305 cm
-1

 for C pbe-van.ak.UPF which coincidentally is also an ultrasoft 

pseudopotential). We obtained the TO frequency at the neighbourhood of the Γ−point to be 1578 cm
-1

 and 1552 

cm
-1

 respectively for the two pseudopotentials reported in our table as compared to the value reported by Ref. 

[9]. For completeness, we included the phonon dispersion of graphite, AB bilayer and ABA trilayer in TABLE 

1. 
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