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Abstract: In this article, we consider the perturbed controlled linear system described by the difference 

equation    
     

      ,   
      and the corresponding output  

     
 , we suppose that ω is a 

disturbance which infects the system. Obliged to take into account the undesirable perturbation ω, we 

investigate also in this work a feedback control       
 which allows to eliminate or to attenuate the effects of 

ω. To illustrate the obtained results, various examples are presented. 
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I. Introduction 
During the modeling of a physical system, we cannot avoid some unwanted parameters that can have 

very negative effects on the evolution of the latter. Theses disturbances that are generally unavoidable could 

affect the different components of the system such as dynamic, control, observations, initial conditions ... 

To solve this problem scientist came up with several approaches and techniques. 

In [2] [10] [11] Rachik and al have proposed on approach which, instead of eliminating the effects of 

the disturbances, allows us to localize those whose effects don't go beyond the tolerance level that was fixed 

before. To follow this approach naturally, we consider in this paper the discrete disturbed linear system given by 

{
    
     

     
  
      

 

and augmented by the output 

  
     

  

Our aim is to determine under certain conditions the control       
 , which allows us to reach the 

objective 

‖  
    ̅‖              

Where   ̅is the no disturbed output, that is to say corresponding to       and where ε is a tolerance 
level fixed before. 

In the next part of this work, we deal the same problem, with using closed-loop controls the output   
 , 

ie       
 . 

 

II. Statement of the problem 
Let us consider the discrete perturbed system 

(S)                                                  {
    
     

     
  
      

                       

where   (  )    (     ),   is unavoidable disturbance which affect the initial state x₀, for realistic and 

technical raison, we suppose that   Ω where Ω⊂ ⁿ is a convex open, bounded set with vertices  

     ( )  *          +and with  0     ̊  (   ̊  is the interior of Ω ). 

    The system's output is described by the difference equation 

(1)  
     

          (     )  
     The control variable       

  where    (     ) is introduced to eliminate or to attenuate the 

effect of the perturbation  , that means 

  (2)‖  
    ̅‖                       

whereε    is a threshold of tolerance and   ̅ the uninfected output, that's mean the output corresponding 

to      , ‖  ‖ is the norm defined on    by 

(‖

  
 
  
‖)     

     
|  | 
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III. Some technical results 
Let    (     ) and   (  )    the feedback control defined by      

 , the corresponding output is 

  
   (    ) (    ) 

which implies that 

  
    ̅   (    )

   

consequently, the inequality (2) can be written 

(3)‖ (    )  ‖                       

it follows from (3) that the construction of a gain    (     ) solution of our problem, derived from an 

infinite number of inequality, to cope with this problem, we begin by establishing the following result 

Proposition 3.1: there is equivalence between the following conditions 

1. Forany      and for any     

‖ (    )  ‖    

2. For any      and for   *          + 

‖ (    )  ‖    

Proof. As the implication (1 2) is obvious, so we must show the second one. Indeed, according to Krein-

Milman theorem [4] [5], for all     there exist             such as ∑   
 
      and         

     
then 

‖ (    )  ‖  ‖∑   (    )
   

 

   

‖ 

    ∑  

 

   

‖ (    )   ‖ 

 ∑  

 

   

   ∑  

 

   

 

   
so we have 

 (4)‖ (    )  ‖                

the proposition established allows to reduce the number of inequality (4) to small number, i.e. 

 (5)‖ (    )  ‖              *         + 
but, as we remark, the condition (5) generates an infinite number of constraints which don't allow the 

construction of gain K. To overcome this difficulty, we assume that the spectrum of A+BK is 

 (    )  *         + 
we consider the basis  *         + of  ⁿ where    are eigenvectors of(A+BK)  associated to    and 

‖  ‖   .    *         +is the canonical basis of  ⁿ, so for all x  ⁿ , we have 

  ∑    

 

   

     ∑    

 

   

 

whither the coordinates (

  
 
  
)   (

  
 
  
)are connected by relations 

 (6)                                                                   (

  
 
  
)   (

  
 
  
) 

with (   )        is the transition matrix from the basis B to the basis   , furthermore 

(    )  (    ) [∑    

 

 

] 

 ∑  (    )  

 

 

 

 ∑      

 

 

 

implying 
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(    )   (    ) [∑      

 

   

] 

=∑     
   

 
    

and we reason by recurrence, so it is easily shown that 

 (7)                                                           (    )   ∑     
 
  

 
         

using (6), we have 

   ∑     

 

   

        *     + 

substituting this expression for (7), so 

(    )   ∑(∑     

 

   

)  
 
  

 

   

 

implying 

‖(    )  ‖   ∑(∑|   |

 

   

|  |) |  |
 

 

   

 

we note   is the spectrum radious of (A+BK), then 

     
    (    )

|  |    ‖ ‖     
     

‖  ‖ 

and 

‖ ‖  ∑∑|   |

 

   

 

   

 

consequently 

 (8)                                                              ‖(    )  ‖  ‖ ‖ ‖ ‖ 

 

IV. Solution of the problem 
Assuming the controllability of (A,B), using Ackermann's theorem, for given n real numbers 

  *             + 
there exists a matrix gain     ( 

    ) such that (     )    and so, according to inequality (8)       

(9)‖(    )  ‖  ‖ ‖ ‖ ‖      ⁿ 
where we have the following proposition 

Proposition 4.1: Given ε >0, if we assume that 

‖ ‖   
     

‖  ‖        ‖ ‖‖ ‖   
     

‖  ‖     

so the control        
  allows us to reach the objective 

‖  
    ̅‖                       

Proof.According to proposition (3.1), it suffices that control        
   guarantees the following inequalities 

‖  
    ̅‖                     *         + 

In fact, for    and for    *         + we have 

‖  
     ̅̅ ̅‖  ‖ (      )      ‖ 

 ‖   ‖ 

 ‖ ‖‖  ‖ 

 ‖ ‖    ‖  ‖    
 

another for     and    *         + we have 

‖  
    ̅‖  ‖ (     )

   ‖ 

 ‖ ‖‖(     )
 ‖‖  ‖ 

 ‖ ‖‖ ‖‖  ‖ 

 ‖ ‖    
     

‖  ‖    

Example 4.1: Let's consider a perturbed discrete linear system described by 

{
    
  (

 
 ⁄

 
 ⁄

   
)   

  .
 
 
/   

  
                               

 

the output is supposed to be 
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  (     ⁄ )  

  

where Ω is such that     ( )  *        +that means 

 

we have‖ ‖         
     

‖  ‖  
 
 ⁄ , than other side 

    ,    -    

so, the system (A,B) is controllable. Then and according to Ackermann's theorem [1], there exists a gain K₀ that 

 (    )  *       + 
and 

  .     ⁄ / 

and the other hand, the eigenvectors of the matrix (A+BK) are   .
 
 
/       (

  
  

 ⁄
) , where ‖v₁‖=‖v₂‖=1, 

so the transition matrix Q from   (    )     (     ) is 

  (
  

 ⁄

   
 ⁄
) 

Consequently, for ε≥0.5 we have 

‖ ‖    
     

‖  ‖            ‖ ‖ ‖ ‖    
     

‖  ‖         

and the control        
  allows to achieve the objective 

‖  
    ̅‖                       

 

Example 4.2: Let's consider the system  

{
    
  (

  
 ⁄

  
 ⁄

  
 ⁄  

)   
  (

 
 ⁄

  
)  

  
                               

 

Augmented by the output  

  
  (   ⁄

 
 ⁄ )  

  

The set Ω is     ( )  *           +  i.e., 
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Therefore 

‖ ‖    ⁄       
     

‖  ‖    

    ,    -    
Since the system (A,B) is controllable. So according to Ackermann's theorem, we have 

 (    )  *       + 
and 

  .      ⁄ / 

and the other hand, the eigenvectors of the matrix (A+BK) are    .
 
 
/      .

  
 
/ , where ‖v₁‖=‖v₂‖=1, so 

the transition matrix Q from   (    )     (     ) is 

  .
  
   

/ 

Consequently, for ε ≥ 0.8, there exists a gain K₀ such as       
 allows to reach the objective 

‖  
    ̅‖                       

 

V. When the control is a feedback of the output 
In this section, we investigate a control       

  such that 

‖  
    ̅‖                       

which is equivalent to 

‖ (     )  ‖                     *         + 
assuming the controllability of (A,B) and using Ackermann's theorem [1], for 

  *             + 
there exists a gain      (     ) such that the spectre σ(A+BL) of A+BL is 

 (    )    
if ̅  *         + are the associated eigenvectors, where ‖ ‖  ‖   , as in section 4, if x   ⁿ, we have 

  ∑    

 

   

     ∑    

 

 

 

where   *         + is the canonical basis of  ⁿ, we have 
‖(    )  ‖    ‖ ‖‖ ‖ 

where Q is the transition matrix from B to   , thus we have the following result (established in Section 
4) 
Proposition 5.1: Given ε > 0 if we assume that 

         (‖ ‖    
     

‖  ‖ ‖ ‖‖ ‖    
     

‖  ‖)    

so the control       
  can achieves the objective 

‖  
    ̅‖                        

Using this proposition, our problem is then to ensure, under certain conditions, the existence of  
 ₀   (     )such as 
 (10)    ₀  
the following result solves the matricial equation (10) 
Proposition 5.2: If we assume that     ⊂     and     ( )   , then the matrix 
   (  

 )(   )  is the unique solution of the equation (10). 
Proof.Since     ( )   , we have 

         
i.e. 

(   )  * + 
which implies 
 

   ( )  * + 
we have 〈      〉  |   |    and if 〈      〉   , then|   |    which implies         * + 
then    , consequently     is positive definite, so it's invertible. On the other hand 

        (    )  
moreover for any x   ⁿ we have        where         and        . Since (    )       
where     

   with        so we have 
       

 (   )   ,     
 (   )      - 

    (   )        
 (   )       
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(because       ⊂                   ), consequently 

        
i.e 

      
to show that K₀ is the unique solution of the equation (10), we assume that  is another solution of 
(10), then 

      
which implies 

         
that gives 

 (   )(   )     
Consequently 

     
Example 5.1: We consider the controlled system  

{
    
  (

 
 ⁄

  
 ⁄

   
)   

  .
  
 
/   

  
                               

 

which is augmented by the output equation 

  
  (  ⁄

  
 ⁄ )  

  

we have     ( )  *     + where Ω is such that 

 
thus ‖ ‖    ⁄       

     
‖  ‖  

 
 ⁄ , also we have   

    ,    -    
so the system (A,B) is controllable, and Ackermann's theorem ensures the existence of a matrix L that 

 (    )  *       + 
moreover 

  .  ⁄
  

 ⁄ /  

The solution of the matricial equation L=KC is 
    

 ⁄  

theeigenvectors of the matrix (A+BL) are    (
  

 ⁄

 
)       .

  
 
/ , where ‖v₁‖=‖v₂‖=1, so the 

transition matrix Q from   (    )     (     ) is 

  .
   
  

/ 

so, for ε ≥ 0.5, the control      
 allows to reach the objective 
‖  

    ̅‖                        
 
Example 5.2: We consider the system  

{
    
  (

   
 ⁄

 
 ⁄

  
 ⁄
)   

  (
  
 
 ⁄
)  

  
                               

 

augmented by  

  
  (  ⁄

  
 ⁄ )  
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and    ( )  *        + where Ω is  

 

So‖ ‖  1
3⁄    sup

1   3
‖  ‖  

1
3⁄ , Since the system (A,B) is controllable, So the ackermann's theorem ensures 

the existence of a matrix L that 

 (   K)  *0 4 0 5+ 
moreover 

  ( 5 2⁄
5
2⁄ )  

So the solution of the matricial equation L=KC is 
  5

2⁄  

theeigenvectors of the matrix (A+BL) are  1  .
0

 
/     2  (

1
2⁄

1
) , and we have the transition matrix Q from 

  ( 1 2)     ( 1  2) is 

  .
 2 1

2 0
/ 

so, for ε ≥ 0.6, the control      
 allows to reach the objective 

‖  
    ̅‖            0          

 

VI. Conclusion 
In this work, we considered a discrete linear system where the initial state is infected by disturbances  . 

A new approach to attenuate the effects of a disturbance was introduced. We investigate, in first part, the 

feedback control       
  to attenuate the effects of the disturbance, and in second one, we treated the same 

problem, with using closed-loop control the output       
   Numerical examples were provided to show the 

effectiveness. 
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