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I. Introduction 
ELzaki transform [12-15], whose fundamental properties are presented in this paper, is still not widely 

known, nor used, ELzaki transform may be used to solve problems without resorting to a new frequency 

domain. Integral equations [2] are significant in numerous applications. Problems in which integral equations 

are faced include radiative energy transfer and the oscillation of a string, membrane, or axle. Oscillation 
problems may also be solved as differential equations. Y. F. Mirzaee [1] introduced a numerical method for 

solving linear Volterra integral equations of the second kind based on the adaptive Simpson's quadrature 

method. M. M. Rahman et al, [3] solved numerically Volterra integral equations of second kind with regular 

kernels by well known Galerkin weighted residual method. They also derived a simple and efficient matrix 

formulation using Chebyshev polynomials as trial functions . 

In the resent years, . P. Haarsa and S. Pothat [4] introduce  a solution of A Bulge Function on Volterra 

Integral Equations of the Second Kind by Using the Laplace Transform 

In this paper, we study Volterra integral equations of second kind with a bulge function. The solution is 

derived by using Elzaki transform, inverse Elzaki transform, the convolution theorem and the Taylor series 

expansion. The numerical solution is obtained by the modified Simpson's method. This method is illustrated by 

giving example of various types already described in [4]. 

 
Definition 1.  

Elzaki Transform   of a Given a function 𝑓 𝑡  defined for all 𝑡 ≥ 0,  by, 

       𝐸 𝑓 𝑡  ,𝑣 = 𝑇 𝑣 = 𝑣  𝑓 𝑡 𝑒−
𝑡

𝑣𝑑𝑡
𝑡

0
     ,    𝑣 ∈  𝑘1  , 𝑘2                                                                    (1) 

for all values of   𝑣 for which the improper integral converges 

 

Theorem 1. The Convolution Theorem  

Let 𝑓 𝑡   and 𝑔 𝑡   be defined in A . having Elzaki transform  𝑀 𝑣   and 𝑁 𝑣  then  the Elzaki transform of the 

convolution of  𝑓 𝑡  and  𝑔 𝑡    is,  

                   𝐸  𝑓 ∗ 𝑔  𝑡  =
1

𝑣
 𝑀 𝑣 𝑁 𝑣                                                                                                  (2) 

Where  

                         𝑓 ∗ 𝑔  𝑡 =  𝑓 𝑥 − 𝜏 𝑔 𝜏 𝑑𝜏
𝑡

0
 

whenever the integral is defined. 

The Volterra integral equations  are a special kind of integral equations. 

One type has the form 

                     𝑦 𝑡 = 𝑓 𝑡 +  𝑘 𝑡 − 𝜏 𝑦 𝜏 𝑑𝜏
𝑡

0
                                                                                         (3) 

 

where f and K are known and y is to be determined. For this paper, we study the case that f(t) is a bulge function 

[4]which is given by 𝑒−
 𝑡−𝑙 2

2  where 𝑙 is a positive constant. 

The modified Simpson's method for solving integral  𝑓(𝑥)
𝑥𝑖+2

𝑥𝑖
𝑑𝑥   is as follows: 

     𝑓 𝑥 
𝑥𝑖+2

𝑥𝑖
𝑑𝑥 =



3
 𝑓𝑖 + 4𝑓𝑖+1 + 𝑓𝑖+2 +

4

180
 𝑓𝑖

′′′ − 𝑓𝑖+2
′′′  −

7

120
𝑓 6  𝜀𝑖   ,  

                    𝜀𝑖 ∈  𝑥𝑖  ,𝑥𝑖+2                                                                                                                      (4)               
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II. The Solution Of Volterra Integral Equation Of The Second Kind By Using Elzaki 

Transform 
Theorem 2.  

Elzaki transform of the bulge function  𝑒−
 𝑡−𝑙 2

2    is expressed by. 
 

      𝐸  𝑒−
 𝑡−𝑙 2

2  = 𝑒−
𝑙2

2  𝑣2 + 𝑙𝑣3 +  −1 + 𝑙2 𝑣4 +  −3𝑙 + 𝑙3 𝑣5                                                              (5) 

 

 Proof.  

The Taylor series expansion 𝑒𝑥  is of the form 

       𝑒−
 𝑡−𝑙 2

2 =  
𝑥𝑛

𝑛!
∞
𝑛=0 = 1 + 𝑥 +

𝑥2

2!
+

𝑥3

3!
+

𝑥4

4!
+ ⋯                                                                                  (6) 

Therefore, by substituting equation (6) with   𝑥 = −
 𝑡−𝑙 2

2
 , we obtain 

   𝑒−
 𝑡−𝑙 2

2 = 𝑒−
𝑙2

2 + 𝑒−
𝑙2

2 𝑙𝑡 + 𝑒−
𝑙2

2  −
1

2
+

𝑙2

2
 𝑡2 + 𝑒−

𝑙2

2  −
𝑙

2
+

𝑙3

6
 𝑡3                                                         (7) 

By taking Elzaki transform to equation (7) and using the fact that the Elzaki transform is linear, we derived, 

 

      𝐸  𝑒−
 𝑡−𝑙 2

2  = 𝑒−
𝑙2

2  𝑣2 + 𝑙𝑣3 +  −1 + 𝑙2 𝑣4 +  −3𝑙 + 𝑙3 𝑣5                                                            (8) 

 

Theorem 3. 
The solution of the Volterra integral equation of the second kind 

                    𝑦 𝑡 −  𝑦 𝜏 sin 𝑡 − 𝜏 𝑑𝜏
𝑡

0
= 𝑒−

 𝑡−𝑙 2

2      

is expressed as 

           𝑦 𝑡 =
𝑒
−
𝑙2

2

120
 120 + 120𝑙𝑡 + 60𝑙2𝑡2 + 20 −2𝑙 + 𝑙3 𝑡3 + 5 −𝑙 + 𝑙2 𝑡4 +  −3𝑙 + 𝑙2 𝑡5            (9) 

 

Proof.  
By taking the Elzaki transform to the above equation, we have, 

           𝐸 𝑦 𝑡  − 𝐸   𝑦 𝜏 sin 𝑡 − 𝜏 𝑑𝜏
𝑡

0
 = 𝐸  𝑒−

 𝑡−𝑙 2

2                                                                        (10) 

 

Applying the convolution theorem, it yields 

       𝐸 𝑦 𝑡  − 𝐸 𝑦 𝑡 ∗ sin 𝑡 = 𝐸  𝑒−
 𝑡−𝑙 2

2                                                                                             (11) 

 

And again by applying the convolution theorem and theorem 2 to equation (11), we obtain: 

       𝐸 𝑦 𝑡   1 −
1

𝑣

𝑣3

1+𝑣3
 = 𝑒−

𝑙2

2  𝑣2 + 𝑙𝑣3 +  −1 + 𝑙2 𝑣4 +  −3𝑙 + 𝑙3 𝑣5                                          (12) 

 Or  

       𝐸 𝑦 𝑡  = 𝑒−
𝑙2

2  𝑣2 + 𝑙𝑣3 +  −1 + 𝑙2 𝑣4 +  −3𝑙 + 𝑙3 𝑣5 ×  1 + 𝑣2                                          (13) 

  

We can next use the partial fraction method to equation (13), we have, 

 𝐸 𝑦 𝑡  = 𝑒−
𝑙2

2  
𝑣2 + 𝑙𝑣3 + 𝑙2𝑣4 +  −2𝑙 + 𝑙3 𝑣5 +  −1 + 𝑙2 𝑣6

+ −3𝑙 + 𝑙3 𝑣7

 

                                                     (14)      

                                                                                                                                                                                                                                                                      

Then, the inverse Elzaki transform can be employed to equation (14) to obtain, 

𝑦 𝑡 =
𝑒−

𝑙2

2

120
 120 + 120𝑙𝑡 + 60𝑙2𝑡2 + 20 −2𝑙 + 𝑙3 𝑡3 + 5 −𝑙 + 𝑙2 𝑡4 +  −3𝑙 + 𝑙2 𝑡5  

                                                                                                                                                                (15) 

In theorem 3 we but 𝑙 = 1 and  = 0.1  in the modified Simpson's method, we compare the exact solution as in 

equation (15) and the approximate solution as shown in table below. 

Taple of exact and approximation solution 
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t Approx solution Exact solution 

0 0.60653065971263 0.60653065972112 

0.1 0.67011518945073 0.67011518946742 

0.2 0.73915546247294 0.73915546247344 

0.3 0.81302978485307 0.81302978485311 

0.4 0.89108220143851 0.89108220143900 

0.5 0.97266036523708 0.97266036523713 

0.6 1.05700340680385 1.05700340681135 

0.7 1.14332980362787 1.14332980362720 

0.8 1.23077524951906 1.23077524951910 

0.9 1.31839052399497 1.31839052399591 

1 1.40512936166760 1.40512936167723 

 

 
Figure 1: Exact solution and numerical solution of example for l = 1 and h = 0:1. 

 

III. Conclusion 
In this work, we studied the Volterra integral equations of the second kind with a Bulge function. To 

approach the exact solution, we used Elzaki transform, the inverse Elzaki transform, the Taylor series expansion 

and the convolution theorem. The modified Simpson'd method was employed for the numerical solution. Then, 

we compare the exact and numerical solutions in our example.  

 

References 
[1]. F. Mirzaee, A computational method for solving linear Volterra integral equations, AMS., 6(17)(2012), 807 - 814.. 

[2]. Lokenath Debnath and D. Bhatta. Integral transform and their Application second Edition, Chapman & Hall /CRC (2006)..  

[3]. M. M. Rahman, M. A. Hakim, M. Kamrul Hasan, M. K. Alam and L. Nowsher Ali, Numerical solutions of Volterra integral 

equations of the second kind with the help of Chebyshev polynomials, Annals of Pure and Applied math., 1(2)(2012), 158 - 167. 

[4]. P. Haarsa and S. Pothat .   A Bulge Function on Volterra Integral Equations of the Second Kind by Using the Laplace Transform . 

AMS., . 9(1), 2015, no.  45 - 50. http://dx.doi.org/10.12988/ams.2015.411906. 

[5]. J.H. He, X.H. Wu, Variational iteration method: new development and applications, Comput. Math. Appl. 54 (2007) 881–894. 

[6]. S.A. Khuri, A. Sayfy, A Laplace variational iteration strategy for the solution of differential equations, Applied Mathematics Letters 

25 (2012) 2298–2305.                                 

[7]. E. Hesameddini and H. Latifizadeh, “Reconstruction of variational iteration algorithms using the Laplace transform,” International 

Journal of Nonlinear Sciences and Numerical Simulation, vol. 10, no.11-12, pp. 1377–1382, 2009. 

[8]. G. C. Wu, D. Baleanu, “Variational iteration method for fractional calculus - a universal approach by Laplace transform,” Advances 

in Difference Equations, 2013:18-27, 2013.  

[9]. X. J. Yang, D. Baleanu, “Fractal heat conduction problem solved by local fractional variation iteration method,” Thermal Science, 

2012, Doi: 10.2298/TSCI121124216Y.  

[10]. G.C. Wu, Variational iteration method for solving the time-fractional diffusion equations in porous medium, Chin. Phys. B, 21 

(2012) 120504. 

[11]. G.C. Wu. Laplace transform Overcoming Principle Drawbacks in Application of the Variational Iteration Method to Fractional Heat 

Equations, THERMAL SCIENCE 16( 4)(2012) 1257-1261 

[12].  [12] Tarig M. Elzaki, Application of Projected Differential Transform Method on Nonlinear Partial Differential Equations with 

Proportional Delay in One Variable, World Applied Sciences Journal 30 (3): 345-349, 2014. DOI: 

10.5829/idosi.wasj.2014.30.03.1841. 

[13]. Tarig M. Elzaki, and  J. Biazar, Homotopy Perturbation Method and Elzaki Transform for Solving System of Nonlinear Partial 

Differential Equations, World Applied Sciences Journal 24 (7): 944-948, 2013. DOI: 10.5829/idosi.wasj.2013.24.07.1041. 

[14]. +Tarig. M. Elzaki - Salih M. Elzaki –Elsayed A. Elnour, On the New Integral Transform “ELzaki Transform” Fundamental 

Properties Investigations and Applications, Global Journal of Mathematical Sciences: Theory and Practical. ISSN 0974-3200 

Volume 4, Number 1 (2012), pp. 1-13 © International Research Publication House. 

[15]. Tarig M. Elzaki, and Salih M. Elzaki, On the Connections Between Laplace and Elzaki Transforms, Advances in Theoretical and 

Applied Mathematics. ISSN 0973-4554 Volume 6, Number 1 (2011), pp. 1- 10. 


