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 Abstract:  In this paper, the three-point distribution functions for simultaneous velocity, temperature and 

concentration fields in dusty fluids turbulent flow undergoing a first order reaction have been studied. The 

various properties of constructed distribution functions have been discussed. From beginning to end of the 

study, the transport equation for three-point distribution function undergoing a first order reaction has been 

obtained. The resulting equation is compared with the previous equation which related to the distribution 

function by many authors and the closure difficulty is to be removed as in the case of ordinary turbulence. 
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I. Introduction 
In this study, the joint distribution functions for simultaneous velocity, temperature and concentration 

fields in turbulent flow undergoing a first order reaction in presence of dust particles have been studied. A 

distribution function may be specialized with respect to a particular set of dimensions. The various properties of 

the constructed joint distribution functions such as reduction property, separation property, coincidence and 

symmetric properties have been discussed. Particle distribution functions are often used in plasma physics to 

describe wave-particle interactions and velocity-space instabilities. Distribution functions are used in various 

fields such as fluid mechanics, statistical mechanics and nuclear physics. The mathematical analog of a 

distribution is a measure; the time evolution of a measure on a phase space is the topic of study in dynamical 

systems.  In the past, several researchers discussed the distribution function in the statistical theory of 

turbulence. Lundgren T.S. [1967] derived the transport equation for the distribution of velocity in turbulent 

flow. Kumar and Patel [1974] studied the first order reactant in homogeneous turbulence before the final period 

of decay for the case of multi-point and single- time correlation. Kumar and Patel [1975] extended their problem 

for the case of multi-point and multi- time concentration correlation. Patel [1976] considered first order reactant 

in homogenous turbulence in numerical results. Kishore [1978] studied the distribution function in the statistical 

theory of MHD turbulence of an incompressible fluid. Pope [1981] derived the transport equation for the joint 

probability density function of velocity and scalars in turbulent flow. Dixit and Upadhyay [1989] considered the 

distribution function in the statistical theory of MHD turbulence of an incompressible fluid in the presence of 

the coriolis force. Also Kishore and Singh [1985] have been derived the transport equation for the joint 

distribution function of velocity, temperature and concentration in convective turbulent flow. Sarker and 

Kishore [1991] discussed the distribution function in the statistical theory of convective MHD turbulence of an 

incompressible fluid. Also Sarker and Kishore [1999] premeditated the distribution function in the statistical 

theory of convective MHD turbulence of mixture of a miscible incompressible fluid. Islam and Sarker [2001] 

deliberated the distribution function in the statistical theory of MHD turbulence for velocity and concentration 

undergoing a first order reaction. Azad and Sarker [2004] considered statistical theory of certain distribution 

function in MHD turbulence in a rotating system in presence of dust particles. Azad et al. [2009] studied the 

first order reactant in MHD turbulence before the final period of decay considering rotating system and dust 

particles. Sarker et al. [2009a] studied the first order reactant in MHD turbulence before the final period of 

decay for the case of multi-point and multi-time in presence of dust particles. Aziz et al. [2010] studied the 

statistical theory of distribution function in Magneto-hydrodynamic turbulence in a rotating system with dust 

particles undergoing a first order reaction. Azad et al. [2011] premeditated the statistical theory of certain 

distribution function in MHD turbulent flow for velocity and concentration undergoing a first order reaction in a 

rotating system. In very recent, Azad et al. [2012] studied the transport equation for the joint distribution 

function of velocity, temperature and concentration in convective turbulent flow in presence of dust particle. 

Azad et al [2013] extended problem Azad et al [2012] for 1
st
 order chemical reaction. Very recent Azad et al 

[2014a] derived the transport equations of three point distribution functions in MHD turbulent flow for velocity, 
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magnetic temperature and concentration, Azad and Nazmul [2014b] considered the transport equations of three 

point distribution functions in MHD turbulent flow for velocity, magnetic temperature and concentration in a 

rotating system Azad et al [2015] derived a transport equation for the joint distribution functions of certain 

variables in convective dusty fluid turbulent flow in a rotating system undergoing a first order reaction. All of 

the above researchers had studied their problems for MHD turbulent flow. 

But in this paper we considered the three-point Distribution function through this study we have 

derived the transport equations for three-point joint distribution functions in convective turbulent flow due to 

first order chemical reaction in presence of dust particles. The various properties of the constructed joint 

distribution functions such as reduction property, separation property, coincidence and symmetric properties 

have been discussed. 

 

II. Formulation Of The Problem 
The equation of motion and field equations of temperature and concentration in presence of dust 

particles undergoing a first order chemical reaction are given by 
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Where, 

 txu ,    = Component of turbulent velocity, 

 tx,      = Temperature fluctuation,  

R    = Constant reaction rate,       

             = Kinematics viscosity, 

c              = Concentration of contaminants, 

N             = Constant number of density of the dust particle, 

            = Fluid density,  

D            = Diffusive coefficient for contaminants, 

pc            = Specific heat at constant pressure, 

v            = Dust particle velocity, 

Tk            = Thermal conductivity. 

f =


KN
   = Dimension of frequency, 

  =

p

T

c

k


 =Thermal diffusivity, 

Where, u and x are vector quantities in the whole process.   

To drive the transport equation for three-point joint distribution function we have to consider the 

turbulence and the concentration fields are homogeneous, the chemical reaction and the local mass transfer have 

no effect on the velocity field and the reaction rate and the diffusivity are constant. Also consider a large 

ensemble of identical fluids in which each member is an infinite incompressible reacting and heat conducting 

fluid in turbulent state. The fluid velocity u, temperature θ and concentration c are randomly distributed 

functions of position and time and satisfy their field equations.  

The total energy, total pressure, stress tensor which are nothing but ensemble averages at a particular 

time can be determined with the help of the bivariate distribution functions (defined as the averaged distribution 

functions with the help of Dirac delta-functions). The present aim is to construct the distribution functions, study 
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its properties and derive an equation for its evolution of the convective dusty fluids turbulent flow for three-

point joint distribution functions.  

 

III. Distribution Function In Turbulence And Their Properties 
We may consider the fluid velocity u, temperature θ and concentration c at each point of the flow field 

inTurbulence. Then corresponding to each point of the flow field, we have three measurable characteristics. We 

represent the three   variables by v,   and ψ and denote the pairs of the several variables at the points 

)()2()1( ,,, nxxx  as     .........,,.........,,,,, )2()2()2()1()1()1(  vv  )()()( ,, nnnv   at a fixed 

instant of time. 

It is possible that the same pair may be occurring more than once; therefore, we simplify the problem 

by an assumption that the distribution is discrete (in the sense that no pairs occur more than once). Symbolically 

we can express the bivariate distribution as     

      ;,, )1()1()1( v     )()()()2()2()2( ,,;,, nnnvv    

Instead of considering discrete points in the flow field, if we consider the continuous distribution of the 

variables ,v  and ψ over the entire flow field, statistically behavior of the fluid may be described by the 

distribution function  ,,vF  which is normalized so that 

  1,,   ddvdvF  

Where, the integration ranges over all the possible values of v,  and ψ. We shall make use of the same 

normalization condition for the discrete distributions also. 

The distribution functions of the above quantities can be defined in terms of Dirac delta function. The 

one-point distribution function  )1()1()1()1(
1 ,, vF , defined so that   )1()1()1()1()1()1()1(

1 ,,  dddvvF  is the 

probability that the fluid velocity, temperature and concentration at a time t are in the element dv
(1)

 about v
(1)

, 

d
)1(  about 

)1( and dψ
(1)

 about ψ
(1) 

 respectively and is given by                            

        )4(,, )1()1()1()1()1()1()1()1()1()1(
1   cvuvF              

Where, δ is the Dirac delta-function defined as  

                                            1
0dvvu   

 vupoint   at the

elsewhere


 

Two-point distribution function is given by 
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    Three-point distribution function is given by           
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And four-point distribution function is given by          
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Similarly, we can define an infinite numbers of multi-point distribution functions F4
(1,2,3,4,5)

 , F5
(1,2,3,4,5,6)

 

and so on. The following properties of the constructed distribution functions can be deduced from the above 

definitions: 

 

3.1. Reduction Properties 
Integration with respect to pair of variables at one-point lowers the order of distribution function by 

one. For example, 

 1)1()1()1()1(
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 )3,2,1(

3
)4()4()4()4,3,2,1(

4 FdddvF   

and so on. Also the integration with respect to any one of the variables, reduces the number of Delta-functions 

from the distribution function by one as  

   )1()1()1()1()1()1(
1   cdvF  , 
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1   cvudF  , 
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And 
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3.2. Separation Properties 

 If two points are far apart from each other in the flow field, the pairs of variables at these points are 

statistically independent of each other i.e., 
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3.3. Co-Incidence Property 

When two points coincide in the flow field, the components at these points should be obviously the 

same that is F2
(1,2)

 must be zero. Thus ,)1()2( vv   )1()2(    and   
)1()2(   , but F2

(1,2)
 must also have the 

property.            )1(
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And hence it follows that 
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3.4. Symmetric Conditions 
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3.5. Continuity Equation In Terms Of Distribution Functions 
The continuity equations can be easily expressed in terms of distribution functions. An infinite number 

of continuity equations can be derived for the convective turbulent flow and are obtained directly by  

Using div 0u  

Taking ensemble average of 
)1(
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  we get 
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Which are the first order continuity equations in which only one-point distribution function is involved. 

For second-order continuity equations, if we multiply the continuity equation by 

     )2()2()2()2()2()2(   cvu  

And if we take the ensemble average, we obtain 
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The Nth-order continuity equations are 
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The continuity equations are symmetric in their arguments i.e. 
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Since the divergence property is an important property and it is easily verified by the use of the property of 

distribution function as 
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And all the properties of the distribution function obtained in the above section can also be verified.   
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IV. Equations For The Evolution Of Three –Point Joint Distribution Function 

(
)3.2,1(

3F ) 

The transport equation for three-point distribution function is obtained from the definition of 
)3.2,1(

3F and from the transport equations (1), (2) and (3). 

Differentiating equation (6) we get      
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Using equation (1), (2) and (3) in equation (16) we have, 
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 Various terms in the above equation can be simplified using the properties of joint distribution 

function:  We reduce 2
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 terms in equation (17) we get  
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 terms of equation (17) can be reduces as 
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14
th 

term of equation (17) can be reduces as 
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22
th

 term of equation (17) written as 
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 23
th

 term of equation (17) written as 
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24
th

 term of equation (17) written as 

             

   

)34(444)4,3,2,1(
4

)4(

)4()4()2()4()2(

)2()2(

)2(

)2(

)2()2(

)3()3(

)3()3()3()3()2()2()2()2()1()1()1()1()1()1(















































dddvF
xx

D

cc
xx

Dc

vuvucvu

Lim

xx

 25
th

 term of equation (17) written as 
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26
th

 term of equation (17) written as 
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 27
th

 term of equation (17) written as 
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 28
th

 term of equation (17) written as
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 Using equation (18)-(38) in equation (17) we get the required equation 
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Which is the transport equation for three-point distribution function undergoing a 1st order chemical 

reaction in convective dusty fluid turbulent flow.     

 

V. Result And Discussions 
If we want to calculate for two-point joint distribution function in convective turbulent flow due to first 

order reaction in presence of dust particles, we apply the above technique and similarly from equation no. (39) 

We get 
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Which is same as equation number (28) of Azad et al [2013].  
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Same as the above procedure we get transport equation for one-point joint distribution function in 

convective turbulent flow due to first order reaction in presence of dust particles as 
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Which is same as equation number (27) of Azad et al [2013]. 

If the constant reaction rate R=0 then, the transport equation for one-point distribution function 
)1(

1F in 

turbulent flow equation (41) becomes  
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Which was obtained earlier by Azad et al [2012].  

If the fluid is clean i.e. f=0 then, the transport equation for one-point distribution function 
)1(

1F in turbulent flow 

equation (41) becomes 
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Which was obtained by Kishore and Shing [1984]. 

For closing the system of equations for the joint distribution function, some approximations are 

required.  Closure scheme can be used here and closure can be obtained by decomposing 
 2,1

2F  as 
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Where, ε is the correlation coefficient between the particles. The transport equation for the joint 

distribution function of velocity, temperature and concentration field have been presented to provide the 

advantageous basis for modeling the turbulent flow for concentration undergoing a first order reaction in 

presence of dust particles.  
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