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The Generalized of 𝐜𝐨𝐬𝐡(𝛏) Expansion Method And 

ItsApplication To Derivative Schrödinger Equation 
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MIS department, College of Business & Economics/Qassim University, Buraidah, K.S.A 

 

Abstract: In this paper, an efficient generalized of 𝑐𝑜𝑠ℎ 𝜉  expansion method is proposed to seek traveling 

wave solutions of the derivative Schrödinger equation. The traveling wave solutions are expressed in terms of the 

hyperbolic and trigonometric functions. It is shown that the method is straightforward and effective for solving 

nonlinear evolution equations in mathematical physics. 
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I. Introduction 

Nonlinear evolution equations (NLEEs) are widely used as models to describe many important complex 

physical phenomena in various fields of science, such as plasma physics, nonlinear optics, solid state physics, 

chemical kinematics, fluid mechanics, chemistry, biology and so on. Thus, establishing exact traveling wave 

solutions of NLEEs is very important to better understand nonlinear phenomenas as well as other real-life 

applications. 

In the recent years, a wide range of methods have been developed to generate analytical solutions of 

nonlinear partial differential equations. Among these methods are the  
𝐺 ′

𝐺
  expansion method [1,2], the  

𝐺 ′

𝐺
,

1

𝐺
  

expansion method [3], the 𝑒𝑥𝑝 −𝜙 𝜉   expansion method [4,5], the generalized of 𝑒𝑥𝑝 −𝜙 𝜉   expansion 

method [6,7], the Jacobi elliptic function expansion method [8], the generalized Riccati equation method [9,10] 

the Sine-Cosine Method [11], the 𝐹 −expansion method [12], and various other methods [13-16]. 

This paper presents an efficient generalized of 𝑐𝑜𝑠ℎ 𝜉  expansion method for obtaining novel and more 

general exact traveling wave solutions for the derivative Schrödinger equation. The remaining of the paper is 

organized as follows. Section 2 explains the 𝑐𝑜𝑠ℎ 𝜉 expansion method. Section 3 applies this method for solving 

derivative Schrödinger equation and presents some special solutions, which are shown graphically in Section 4.  

Section 5 concludes the paper. 

 

II. The Generalized of 𝐜𝐨𝐬𝐡 𝛏  expansion method 
Suppose that we have a nonlinear PDE in the following form from the Introduction 

𝐹(𝑢, 𝑢𝑡 ,𝑢𝑥 , 𝑢𝑡𝑡 , 𝑢𝑥𝑡 , 𝑢𝑥𝑥 , 𝑢𝑥𝑥𝑡 , . . . . ) = 0 (2.1) 

where, 𝑢 = 𝑢(𝑥, 𝑡) is an unknown function, F is a polynomial in u = u(x, t) and its partial derivatives, in which 

the highest order derivatives and nonlinear terms are involved.The main steps of this method are as follows: 

Step 1:  Use the traveling wave transformation:  

𝑢(𝑥, 𝑡) = 𝑢(𝜉),              𝜉 = 𝑘1𝑥 + 𝑘2𝑡(2.2) 

 

where 𝑘1, 𝑘2 are a constants to be determined latter, permits us reducing (2.1) to an ODE for 𝑢 = 𝑢 𝜉  in the 

form  

𝑃 𝑢, 𝑘1𝑢
′, 𝑘2𝑢

′, 𝑘1𝑘2𝑢
′′, . . . .  = 0(2.3) 

 

where 𝑃 is a polynomial of 𝑢 = 𝑢(𝜉) and its total derivatives. 

Step 2:Balancing the highest derivative term with the nonlinear terms in (2.3),we find the value of the positive 

integer  𝑚 . 

Step 3:Suppose that the solution of (2.3) can be expressed as follows: 

 

u ξ = α0 +  

m

i=0

 
A1sech ξ + A2cosh ξ + A3cosh2 ξ + A4

B1sech ξ + B2cosh ξ + B3cosh2 ξ + B4

 

i

(2.4) 

 

where 𝛼0, 𝐴𝑖 , 𝐵𝑖 𝑖 = 1,2,3,4  are constants to be determined later. 

Step 4: Substituting (2.4) into Eq. (2.3) and then setting all the coefficients of  𝑐𝑜𝑠ℎ 𝜉  
𝑖
 of the resulting 

systems to zero, yields a system of algebraic equations for 𝑘1, 𝑘2, 𝐴𝑖 , 𝐵𝑖 𝑖 = 1,2,3,4  and 𝛼0. 
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Step 5: Suppose that the value of the constants k1, k2, Ai , Bi i = 1,2,3,4  and α0 can be found by solving the 

algebraic equations which are obtained in step 4. Since the general solutions of (2.3) have been well known for us, 

substituting 𝑘1 , 𝑘2, 𝐴𝑖 , 𝐵𝑖 𝑖 = 1,2,3,4  and 𝛼0  into (2.4), we have the exact solutions of the nonlinear PDEs 

(2.1). 

 

III. The Exact Solutions of Derivative Schrödinger Equation 
In this section, we will apply the the proposed method to find the exact solutions of the derivative Schrödinger 

equation. Let us consider the derivative Schrödinger equation: 

 

𝑖𝑊𝑡 =  −
1

2
 𝑊𝑥𝑥 +  𝑖𝑘 𝑊 2𝑊 𝑥           ;         𝑊 = 𝑊 𝑥, 𝑡 (3.1) 

 

we make the following transformation 

 

𝑊 𝑥, 𝑡 = 𝑒 −𝑖𝛿𝑡  𝑒𝑖𝜓 𝜉 ℎ 𝜉 ; 𝜉 = 𝑥 − 𝑣𝑡; 𝛿, 𝑣 ∈ ℜ

ℎ, 𝜓: ℜ2 → ℜ; ℎ 𝜉 > 0
(3.2) 

 

Substituting (3.2) into Eq.(3.1) and making the real part and imaginary part equal to zero, we have 

 

2𝛿ℎ 𝜉 + 2𝑣ℎ 𝜉 𝜓′ 𝜉 + ℎ′′ 𝜉 − ℎ 𝜉 𝜓′2 𝜉 + 2𝑘ℎ3 𝜉 𝜓′ 𝜉 = 0, (3.3) 

 

 

ℎ 𝜉 𝜓′′ 𝜉 + 2ℎ′ 𝜉 𝜓′ 𝜉 − 2𝑣ℎ′ 𝜉 − 6𝑘ℎ2 𝜉 ℎ′ 𝜉 = 0, (3.4) 
 

Let  

𝜓′ 𝜉 = 𝐴 + 𝐵ℎ2 𝜉 (3.5) 

 

Substituting (3.5) into Eq. (3.4) and equating the coefficients of these terms ℎ′ 𝜉 ℎ2 𝜉 , ℎ′ 𝜉  to zero, we get 

𝐴 = 𝑣, 𝐵 =  
3𝑘

2
  . Therefore, when  

𝜓′ 𝜉 = 𝑣 +  
3𝑘

2
 ℎ2 𝜉 (3.6) 

 

Eq. (3.4) is identical to zero. 

Substituting (3.6) into Eq. (3.3) we get the following equation:  

 2𝛿 + 𝑣2 ℎ 𝜉 +  2𝑣𝑘 ℎ3 𝜉 +  
3𝑘2

4
 ℎ5 𝜉 + ℎ′′ 𝜉 = 0, (3.7) 

 

In order to solve Eq. (3.7), we make the following transformation 

 

ℎ 𝜉 =  𝑢 𝜉 (3.8) 

 

Then, 𝑢 𝜉  satisfies 

4 2𝛿 + 𝑣2 𝑢2 + 8𝑣𝑘𝑢3 + 3𝑘2𝑢4 + 2𝑢𝑢′′ − 𝑢′2 = 0, (3.9) 
 

By balancing the term  𝑢′2  with the term  𝑢4  in (3.9), gives 𝑚 = 1 .Therefore, the 𝑐𝑜𝑠ℎ 𝜉  expansion 

method allows us to use the solution in the following form: 

 

𝑢 𝜉 = 𝛼0 +  
𝐴1𝑠𝑒𝑐ℎ 𝜉 + 𝐴2𝑐𝑜𝑠ℎ 𝜉 + 𝐴3𝑐𝑜𝑠ℎ

2 𝜉 + 𝐴4

𝐵1𝑠𝑒𝑐ℎ 𝜉 + 𝐵2𝑐𝑜𝑠ℎ 𝜉 + 𝐵3𝑐𝑜𝑠ℎ
2 𝜉 + 𝐵4

 (3.10) 

 

Substituting (3.10) into (3.9), the left-hand side is converted into polynomials in  𝑐𝑜𝑠ℎ 𝜉  
𝑗
, 𝑗 =

0,1,2,..... We collect each coefficient of these resulted polynomials to zero, yields a set of simultaneous algebraic 

equations (for simplicity,which are not presented) for 𝐴1, 𝐴2, 𝐴3, 𝐴4, 𝐵1 , 𝐵2 , 𝐵3 , 𝐵4 , 𝛿, 𝑣 and α0 . Solving these 

algebraic equations with the help of algebraic software Maple, we obtain the following results: 
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Case 1: 

𝛼0 = 𝛼0, 𝑣 = −1, 𝛿 =
1

8
, 𝐴1 = −

1

4
𝐴2, 𝐴2 = 𝐴2, 𝐴3 = 𝐴2 𝛼0𝑘 − 1 

𝐴4 =  −
1

4
𝐴3, 𝐵1 = 0, 𝐵2 = 0, 𝐵3 = −𝑘𝐴2,𝐵4 =

1

4
𝑘𝐴2

(3.11) 

 

Substituting (3.11) into (3.10), we have : 

 

𝑢 𝜉 =
𝑐𝑜𝑠ℎ 𝜉 − 1

𝑘𝑐𝑜𝑠ℎ 𝜉 
(3.12) 

 

where      𝜉 = 𝑥 + 𝑡 

Substituting (3.12) into (3.8) and (3.6) yields 

 

ℎ 𝜉 =  
𝑐𝑜𝑠ℎ 𝜉 − 1

𝑘𝑐𝑜𝑠ℎ 𝜉 

𝜓 𝜉 =  −1 +  
3𝑘

2
  

𝑐𝑜𝑠ℎ 𝜉 − 1

𝑘𝑐𝑜𝑠ℎ 𝜉 
  𝑑𝜉

    =  
3

2
𝑘𝛼0 − 1 𝜉 +

3

2
 𝑘𝛼0 + 1 𝑙𝑛  

𝑡𝑎𝑛ℎ  
𝜉

2
 + 1

𝑡𝑎𝑛ℎ  
𝜉

2
 − 1

 − 3𝑎𝑟𝑐𝑡𝑎𝑛  𝑡𝑎𝑛ℎ  
𝜉

2
  

(3.13) 

 

Consequently, the exact solution of the derivative Schrödinger equation (3.1) with the help of Eq. (3.13) and Eq. 

(3.2) are obtained in the following form: 

 

𝑊 𝑥, 𝑡 =   
𝑐𝑜𝑠ℎ 𝜉 − 1

𝑘𝑐𝑜𝑠ℎ 𝜉 
 𝑒𝑥𝑝

 

 
 
 
 
 
 

𝑖

 

 
 
 
 
 
 
 

3

2
𝑘𝛼0 − 1 𝜉

+
3

2
 𝑘𝛼0 + 1 𝑙𝑛  

𝑡𝑎𝑛ℎ  
𝜉

2
 + 1

𝑡𝑎𝑛ℎ  
𝜉

2
 − 1

 

−3𝑎𝑟𝑐𝑡𝑎𝑛  𝑡𝑎𝑛ℎ  
𝜉

2
  −

1

8
𝑡

 

 
 
 
 
 
 

 

 
 
 
 
 
 

𝜉 =  𝑥 + 𝑡

(3.14) 

 

In particular setting   𝛼0 = 0, 𝑘 = 6 we find : 

 

𝑊1 𝑥, 𝑡 =   
𝑐𝑜𝑠ℎ 𝜉 − 1

6𝑐𝑜𝑠ℎ 𝜉 
 𝑒𝑥𝑝

 

 
 
 
 

𝑖

 

 
 
 −𝜉 +

3

2
𝑙𝑛  

𝑡𝑎𝑛ℎ  
𝜉

2
 + 1

𝑡𝑎𝑛ℎ  
𝜉

2
 − 1

 

−3𝑎𝑟𝑐𝑡𝑎𝑛  𝑡𝑎𝑛ℎ  
𝜉

2
  −

1

8
𝑡
 

 
 
 

 

 
 
 
 

𝜉 =  𝑥 + 𝑡

(3.15) 

 

See Figure (3.1)  

 

Case 2: 

 

𝛼0 = 𝛼0, 𝑣 = −2,𝛿 =
1

2
, 𝐴1 =

𝐵1 4 − 𝛼0𝑘 

𝑘
, 𝐴2 =

2𝐵1 𝛼0𝑘 − 2 

𝑘
,

𝐴3 =  0, 𝐴4 = 0, 𝐵1 = 𝐵1 , 𝐵2 = −2𝐵1 , 𝐵3 = 0, 𝐵4 = 0
(3.16) 

 

Substituting (3.16) into(3.10), we have : 
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𝑢 𝜉 =
4 𝑠𝑒𝑐ℎ 𝜉 − 𝑐𝑜𝑠ℎ 𝜉  

𝑘 𝑠𝑒𝑐ℎ 𝜉 − 2𝑐𝑜𝑠ℎ 𝜉  
(3.17) 

where      𝜉 = 𝑥 + 2𝑡 

Substituting (3.17) into (3.8) and (3.6) yields 

 

ℎ 𝜉  =   
4

𝑘
  

𝑠𝑒𝑐ℎ 𝜉 − 𝑐𝑜𝑠ℎ 𝜉 

𝑠𝑒𝑐ℎ 𝜉 − 2𝑐𝑜𝑠ℎ 𝜉 
 

𝜓 𝜉 =  −2 + 6  
𝑠𝑒𝑐ℎ 𝜉 − 𝑐𝑜𝑠ℎ 𝜉 

𝑠𝑒𝑐ℎ 𝜉 − 2𝑐𝑜𝑠ℎ 𝜉 
  𝑑𝜉

    =

 

 
 
 
  

3

2
𝛼0𝑘 − 2 𝜉 +  

3

2
𝛼0𝑘 − 3 𝑙𝑛  

𝑡𝑎𝑛ℎ  
𝜉

2
 − 1

𝑡𝑎𝑛ℎ  
𝜉

2
 + 1

 

+3𝑎𝑟𝑐𝑡𝑎𝑛  
𝑡𝑎𝑛ℎ  

𝜉

2
 

 2 + 1
 + 3𝑎𝑟𝑐𝑡𝑎𝑛  

𝑡𝑎𝑛ℎ  
𝜉

2
 

 2 − 1
 

 

 
 
 
 

(3.18) 

 

Consequently,the exact solution of the derivative Schrödinger equation (3.1) with the help of Eq. (3.18) and Eq. 

(3.2) are obtained in the following form: 

𝑊 𝑥, 𝑡 =

 
 
 
 
 
 
 
 
 
 
 
 
   

4

𝑘
  

𝑠𝑒𝑐ℎ 𝜉 − 𝑐𝑜𝑠ℎ 𝜉 

𝑠𝑒𝑐ℎ 𝜉 − 2𝑐𝑜𝑠ℎ 𝜉 
  ×

𝑒𝑥𝑝

 

 
 
 
 
 

𝑖

 

 
 
 
  

3

2
𝛼0𝑘 − 2 𝜉 +  

3

2
𝛼0𝑘 − 3 𝑙𝑛  

𝑡𝑎𝑛ℎ  
𝜉

2
 − 1

𝑡𝑎𝑛ℎ  
𝜉

2
 + 1

 

+3𝑎𝑟𝑐𝑡𝑎𝑛  
𝑡𝑎𝑛ℎ  

𝜉

2
 

 2 + 1
 + 3𝑎𝑟𝑐𝑡𝑎𝑛  

𝑡𝑎𝑛ℎ  
𝜉

2
 

 2 − 1
 −

1

2
𝑡

 

 
 
 
 

 

 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 

𝜉 = 𝑥 + 2𝑡

(3.19) 

 

In particular setting   𝛼0 = 0, 𝑘 = 4 we find : 

𝑊2 𝑥, 𝑡 =  

 
 
 
 
 
 
 
 
 
 
 
 
   

𝑠𝑒𝑐ℎ 𝜉 − 𝑐𝑜𝑠ℎ 𝜉 

𝑠𝑒𝑐ℎ 𝜉 − 2𝑐𝑜𝑠ℎ 𝜉 
  ×

𝑒𝑥𝑝

 

 
 
 
 
 

𝑖

 

 
 
 
 −3𝑙𝑛  

𝑡𝑎𝑛ℎ  
𝜉

2
 − 1

𝑡𝑎𝑛ℎ  
𝜉

2
 + 1

 + 3𝑎𝑟𝑐𝑡𝑎𝑛  
𝑡𝑎𝑛ℎ  

𝜉

2
 

 2 + 1
 

+3𝑎𝑟𝑐𝑡𝑎𝑛  
𝑡𝑎𝑛ℎ  

𝜉

2
 

 2 − 1
 − 2𝜉 −

1

2
𝑡

 

 
 
 
 

 

 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 

𝜉 = 𝑥 + 2𝑡

(3.20) 

See Figure (3 .2)  

Case 3: 
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Substituting (3.21) into(3.10), we have : 

 

𝑢 𝜉 = 𝛼0  
 𝛼0

2𝑘2 + 1 𝑐𝑜𝑠ℎ 𝜉 +  𝛼0
2𝑘2 + 1 

 𝛼0
2𝑘2 + 1 𝑐𝑜𝑠ℎ 𝜉 +  𝛼0

2𝑘2 − 1 
 (3.22) 

 

where      𝜉 = 𝑥 +  
1+3𝛼0

2𝑘2

4𝛼0𝑘
 𝑡 

Substituting (3.22) into (3.8) and (3.6) yields 

 

ℎ 𝜉  =   𝛼0  
 𝛼0

2𝑘2 + 1 𝑐𝑜𝑠ℎ 𝜉 +  𝛼0
2𝑘2 + 1 

 𝛼0
2𝑘2 + 1 𝑐𝑜𝑠ℎ 𝜉 +  𝛼0

2𝑘2 − 1 
 

𝜓 𝜉  =  𝑣 +  
3𝑘𝛼0

2
  

 𝛼0
2𝑘2 + 1 𝑐𝑜𝑠ℎ 𝜉 +  𝛼0

2𝑘2 + 1 

 𝛼0
2𝑘2 + 1 𝑐𝑜𝑠ℎ 𝜉 +  𝛼0

2𝑘2 − 1 
  𝑑𝜉

    =  
3

4
𝛼0𝑘 −

1

4𝛼0𝑘
 𝜉 + 3𝑎𝑟𝑐𝑡𝑎𝑛  

𝑡𝑎𝑛  
𝜉

2
 

𝛼0𝑘
 

(3.23) 

 

Consequently,the exact solution of the derivative Schrödinger equation (3.1) with the help of Eq. (3.23) and Eq. 

(3.2) are obtained in the following form: 

 

𝑊 𝑥, 𝑡 =

 
 
 
 
 
 
 
 
 
 
 
  𝛼0  

 𝛼0
2𝑘2 + 1 𝑐𝑜𝑠ℎ 𝜉 +  𝛼0

2𝑘2 + 1 

 𝛼0
2𝑘2 + 1 𝑐𝑜𝑠ℎ 𝜉 +  𝛼0

2𝑘2 − 1 
  ×

𝑒𝑥𝑝

 

 
 
 
 

𝑖

 

 
 
  

3

4
𝛼0𝑘 −

1

4𝛼0𝑘
 𝜉 + 3𝑎𝑟𝑐𝑡𝑎𝑛  

𝑡𝑎𝑛  
𝜉

2
 

𝛼0𝑘
 

− 
 𝛼0

2𝑘2 + 1  3𝛼0
2𝑘2 − 1 

32𝛼0
2𝑘2

 𝑡
 

 
 
 

 

 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

𝜉 =  𝑥 +  
1 + 3𝛼0

2𝑘2

4𝛼0𝑘
 𝑡

(3.24) 

 

In particular setting   𝛼0 = 1, 𝑘 = 1 we find : 

 

𝑊3 𝑥, 𝑡 =   
𝑐𝑜𝑠ℎ 𝜉 + 1

𝑐𝑜𝑠ℎ 𝜉 
 𝑒𝑥𝑝 𝑖  

1

2
𝜉 + 3𝑎𝑟𝑐𝑡𝑎𝑛  𝑡𝑎𝑛  

𝜉

2
  −

1

8
𝑡  

𝜉 =  𝑥 + 𝑡

(3.25) 

See Figure (3.3)  

 

Case 4: 

 
Substituting (3.26) into(3.10), we have : 

 

𝑢 𝜉 =
9𝑠𝑒𝑐ℎ 𝜉 

 2𝑣𝑘 𝑠𝑒𝑐ℎ 𝜉 −  4𝑘 4𝑣2 + 9 𝑐𝑜𝑠ℎ2 𝜉 +  3𝑘 4𝑣2 + 9 
(3.27) 

 

where      𝜉 = 𝑥 − 𝑣𝑡 
Substituting (3.27) into (3.8) and (3.6) yields 
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ℎ 𝜉 =   
9𝑠𝑒𝑐ℎ 𝜉 

 2𝑣𝑘 𝑠𝑒𝑐ℎ 𝜉 −  4𝑘 4𝑣2 + 9 𝑐𝑜𝑠ℎ2 𝜉 +  3𝑘 4𝑣2 + 9 

𝜓 𝜉 =  𝑣 +  
3𝑘

2
  

9𝑠𝑒𝑐ℎ 𝜉 

 2𝑣𝑘 𝑠𝑒𝑐ℎ 𝜉 −  4𝑘 4𝑣2 + 9 𝑐𝑜𝑠ℎ2 𝜉 +  3𝑘 4𝑣2 + 9 
  𝑑𝜉

    =  𝑣𝜉 +  27𝑘  

𝜀

 
 𝜀4 − 2𝜀2 + 1 𝑙𝑛  𝑡𝑎𝑛ℎ  

𝜉

2
 − 𝜀 

6 𝑆3 + 𝑆2 − 𝑆1 𝜀
5 + 4 3𝑆1 + 3𝑆2 − 𝑆3 𝜀

3 + 2 3𝑆2 − 3𝑆1 − 𝑆3 𝜀
  

𝑆1 =  2𝑣𝑘 , 𝑆2 = − 4𝑘 4𝑣2 + 9 , 𝑆3 =  3𝑘 4𝑣2 + 9 

0 =  𝑆2 + 𝑆3 − 𝑆1 𝜀
6 +  3𝑆1 + 3𝑆2 − 𝑆3 𝜀

4 +  3𝑆2 − 3𝑆1 − 𝑆3 𝜀
2 +  𝑆1 + 𝑆2 + 𝑆3 

(3.28) 

 

Consequently,the exact solution of the derivative Schrödinger equation (3.1) with the help of Eq. (3.28) and Eq. 

(3.2) are obtained in the following form: 

 

𝑊 𝑥, 𝑡 = 𝑒
 

9

8
+

𝑣2

2
 𝑖𝑡

𝑒𝑖𝜓 𝜉  
9𝑠𝑒𝑐ℎ 𝜉 

 2𝑣𝑘 𝑠𝑒𝑐ℎ 𝜉 −  4𝑘 4𝑣2 + 9 𝑐𝑜𝑠ℎ2 𝜉 +  3𝑘 4𝑣2 + 9 

𝜉 = 𝑥 − 𝑣𝑡

(3.29) 

 

In particular setting   𝛼0 = 0, 𝑣 = 0, 𝑘 = −1 we find : 

 

𝑊4 𝑥, 𝑡 =

 
 
 
 
 
 
 
 
 
 
 
  

3𝑠𝑒𝑐ℎ 𝜉 

4𝑐𝑜𝑠ℎ2 𝜉 − 3
 ×

𝑒𝑥𝑝

 

 
 
 
 

3𝑖

 

 
 
 𝑎𝑟𝑐𝑡𝑎𝑛  

𝑡𝑎𝑛ℎ  
𝜉

2
 

 3 − 2
 − 𝑎𝑟𝑐𝑡𝑎𝑛  

𝑡𝑎𝑛ℎ  
𝜉

2
 

 3 + 2
 

+𝑎𝑟𝑐𝑡𝑎𝑛  𝑡𝑎𝑛ℎ  
𝜉

2
  +  

3

8
 𝑡

 

 
 
 

 

 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

𝜉    =     𝑥

(3.30) 

 

See Figure (3 .4)  

 

Case 5: 

 

𝛼0  = 𝛼0, 𝑣 = −
3𝑘2 𝛼0𝐵2 + 𝐴2 

2 + 4𝐵2
2

4𝑘𝐵2 𝛼0𝐵2 + 𝐴2 
, 𝐴2 = 𝐴2, 𝐴3 = 0, 𝐴4 = 0,

𝐴1 =
4𝛼0𝐵2

3

𝑘2 𝛼0𝐵2 + 𝐴2 
2 + 4𝐵2

2 ,𝛿 =
 3𝑘2 𝛼0𝐵2 + 𝐴2 

2 − 4𝐵2
2  𝑘2 𝛼0𝐵2 + 𝐴2 

2 + 4𝐵2
2 

32𝑘2𝐵2
2 𝛼0𝐵2 + 𝐴2 

2
,

𝐵1 =  −
4𝐵2

3

𝑘2 𝛼0𝐵2 + 𝐴2 
2 + 4𝐵2

2 , 𝐵2 = 𝐵2 , 𝐵3 = 0, 𝐵4 = 0

(3.31) 

 

Substituting (3.31) into(3.10), we have : 

𝑢 𝜉 =
 𝛼0𝐵2 + 𝐴2  𝑘

2 𝛼0𝐵2 + 𝐴2 
2 + 4𝐵2

2 𝑐𝑜𝑠ℎ 𝜉 

 −4𝐵2
3 𝑠𝑒𝑐ℎ 𝜉 +  𝑘2𝐵2 𝛼0𝐵2 + 𝐴2 

2 + 4𝐵2
3 𝑐𝑜𝑠ℎ 𝜉 

(3.32) 

 

where     𝜉 = 𝑥 +  
3𝑘2 𝛼0𝐵2+𝐴2 

2+4𝐵2
2

4𝑘𝐵2 𝛼0𝐵2+𝐴2 
 𝑡 

Substituting (3.32) into (3.8) and (3.6) yields 
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ℎ 𝜉 =  
 𝛼0𝐵2 + 𝐴2  𝑘

2 𝛼0𝐵2 + 𝐴2 
2 + 4𝐵2

2 𝑐𝑜𝑠ℎ 𝜉 

 −4𝐵2
3 𝑠𝑒𝑐ℎ 𝜉 +  𝑘2𝐵2 𝛼0𝐵2 + 𝐴2 

2 + 4𝐵2
3 𝑐𝑜𝑠ℎ 𝜉 

𝜓 𝜉 =  𝑣 +  
3𝑘

2
  

 𝛼0𝐵2 + 𝐴2  𝑘
2 𝛼0𝐵2 + 𝐴2 

2 + 4𝐵2
2 𝑐𝑜𝑠ℎ 𝜉 

 −4𝐵2
3 𝑠𝑒𝑐ℎ 𝜉 +  𝑘2𝐵2 𝛼0𝐵2 + 𝐴2 

2 + 4𝐵2
3 𝑐𝑜𝑠ℎ 𝜉 

  𝑑𝜉

 =

 

 
 
 
  

3𝑘𝐿1

4𝐿3

  
𝐿2

𝐿3 + 𝐿2

𝑙𝑛  
 𝐿3 + 𝐿2𝑡𝑎𝑛ℎ

2  
𝜉

2
 − 2 𝐿2𝑡𝑎𝑛ℎ  

𝜉

2
 +  𝐿3 + 𝐿2

 𝐿3 + 𝐿2𝑡𝑎𝑛ℎ
2  

𝜉

2
 + 2 𝐿2𝑡𝑎𝑛ℎ  

𝜉

2
 +  𝐿3 + 𝐿2

 

+𝑣𝜉 +  
3𝑘𝐿1

2𝐿3

 𝑙𝑛  
𝑡𝑎𝑛ℎ  

𝜉

2
 + 1

𝑡𝑎𝑛ℎ  
𝜉

2
 − 1

 

 

 
 
 
 

𝐿1 =  𝛼0𝐵2 + 𝐴2  𝑘
2 𝛼0𝐵2 + 𝐴2 

2 + 4𝐵2
2 ; 𝐿2 =  −4𝐵2

3 ; 𝐿3 =  𝑘2𝐵2 𝛼0𝐵2 + 𝐴2 
2 + 4𝐵2

3 

         (3.33) 

 

Consequently,the exact solution of the derivative Schrödinger equation (3.1) with the help of Eq. (3.33) and Eq. 

(3.2) are obtained in the following form: 

 

 
 

In particular setting   𝛼0 = 1, 𝑘 = 2, 𝐴2 = 2, 𝐵2 = 1 we find : 

 
𝑊5 𝑥, 𝑡  =   

30𝑐𝑜𝑠ℎ 𝜉 

10𝑐𝑜𝑠ℎ 𝜉 −𝑠𝑒𝑐ℎ 𝜉 
 × 𝑒𝑥𝑝

 

  
 
𝑖

 

 
 

6𝑙𝑛  
𝑡𝑎𝑛 ℎ 

𝜉

2
 +1

𝑡𝑎𝑛 ℎ 
𝜉

2
 −1

 + 3𝑎𝑟𝑐𝑡𝑎𝑛  
3𝑡𝑎𝑛 ℎ 

𝜉

2
 

 10−1
 

−3𝑎𝑟𝑐𝑡𝑎𝑛  
3𝑡𝑎𝑛 ℎ 

𝜉

2
 

 10+1
 −

5

3
𝜉 −  

65

18
 𝑡

 

 
 

 

  
 

𝜉 = 𝑥 +  
14

3
 𝑡

(3.35) 

 

See Figure (3 .5) 

Case 6 

𝑣 = −
3𝑘2 𝛼0𝐵3 + 𝐴3 

2 + 4𝐵3
2

4𝑘𝐵3 𝛼0𝐵3 + 𝐴3 
,𝛿 =

 𝑘2 𝛼0𝐵3 + 𝐴3 
2 + 4𝐵3

2  3𝑘2 𝛼0𝐵3 + 𝐴3 
2 − 4𝐵3

2 

32𝑘2 𝛼0𝐵3 + 𝐴3 
2𝐵3

2 ,

𝐴1 =  
4𝛼0𝐵2𝐵3

2

𝑘2 𝛼0𝐵3 + 𝐴3 
2 + 4𝐵3

2 , 𝐴2 =
𝐴3𝐵2

𝐵3

, 𝐴3 = 𝐴3, 𝐴4 =
4𝛼0𝐵3

3

𝑘2 𝛼0𝐵3 + 𝐴3 
2 + 4𝐵3

2 , 𝛼0 = 𝛼0

𝐵1 =  
−4𝐵2𝐵3

2

𝑘2 𝛼0𝐵3 + 𝐴3 
2 + 4𝐵3

2 , 𝐵2 = 𝐵2 , 𝐵3 = 𝐵3 , 𝐵4 =
−4𝐵3

3

𝑘2 𝛼0𝐵3 + 𝐴3 
2 + 4𝐵3

2

(3.36) 

 

Substituting (3.36) into(3.10), we have : 

 

𝑢 𝜉 =
 𝛼0𝐵3 + 𝐴3  𝑘

2 𝛼0𝐵3 + 𝐴3 
2 + 4𝐵3

2 𝑐𝑜𝑠ℎ2 𝜉 

 −4𝐵2
3 +  𝑘2𝐵3 𝛼0𝐵3 + 𝐴3 

2 + 4𝐵3
3 𝑐𝑜𝑠ℎ2 𝜉 

(3.37) 

 

where      𝜉 = 𝑥 +  
3𝑘2 𝛼0𝐵3+𝐴3 2+4𝐵3

2

4𝑘𝐵3 𝛼0𝐵3+𝐴3 
 𝑡 
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Substituting (3.37) into (3.8) and (3.6) yields 

 

ℎ 𝜉 =  
 𝛼0𝐵3 + 𝐴3  𝑘

2 𝛼0𝐵3 + 𝐴3 
2 + 4𝐵3

2 𝑐𝑜𝑠ℎ2 𝜉 

 −4𝐵2
3 +  𝑘2𝐵3 𝛼0𝐵3 + 𝐴3 

2 + 4𝐵3
3 𝑐𝑜𝑠ℎ2 𝜉 

𝜓 𝜉 =  𝑣 +  
3𝑘

2
  

 𝛼0𝐵3 + 𝐴3  𝑘
2 𝛼0𝐵3 + 𝐴3 

2 + 4𝐵3
2 𝑐𝑜𝑠ℎ2 𝜉 

 −4𝐵2
3 +  𝑘2𝐵3 𝛼0𝐵3 + 𝐴3 

2 + 4𝐵3
3 𝑐𝑜𝑠ℎ2 𝜉 

  𝑑𝜉

    =

 

 
 
 
  

3𝑘𝑇1 𝑇2

4𝑇3 𝑇2 + 𝑇3

 𝑙𝑛  
 𝑇2 + 𝑇3𝑡𝑎𝑛ℎ

2  
𝜉

2
 − 2 𝑇2𝑡𝑎𝑛ℎ  

𝜉

2
 +  𝑇2 + 𝑇3

 𝑇2 + 𝑇3𝑡𝑎𝑛ℎ
2  

𝜉

2
 + 2 𝑇2𝑡𝑎𝑛ℎ  

𝜉

2
 +  𝑇2 + 𝑇3

 +

+  
3𝑘𝑇1

4𝑇3

 𝑙𝑛  
𝑡𝑎𝑛ℎ  

𝜉

2
 + 1

𝑡𝑎𝑛ℎ  
𝜉

2
 − 1

 + 𝑣𝜉

 

 
 
 
 

𝑇1 =  𝛼0𝐵3 + 𝐴3  𝑘
2 𝛼0𝐵3 + 𝐴3 

2 + 4𝐵3
2 , 𝑇2 =  −4𝐵2

3 ,

𝑇3 =  𝑘2𝐵3 𝛼0𝐵3 + 𝐴3 
2 + 4𝐵3

3 

(3.38) 

 

Consequently,the exact solution of the derivative Schrödinger equation (3.1) with the help of Eq. (3.38) and Eq. 

(3.2) are obtained in the following form: 

 

 
 

In particular setting   𝛼0 = 0, 𝑘 = 1, 𝐴3 = 3, 𝐵3 = 3 we find : 

𝑊6 𝑥, 𝑡  =   
5𝑐𝑜𝑠ℎ2 𝜉 

5𝑐𝑜𝑠ℎ2 𝜉 − 4
 × 𝑒𝑥𝑝

 

 
 
 
 
 

𝑖

 

 
 
 
 3𝑎𝑟𝑐𝑡𝑎𝑛  

𝑡𝑎𝑛ℎ  
𝜉

2
 

 5 − 2
 − 3𝑎𝑟𝑐𝑡𝑎𝑛  

𝑡𝑎𝑛ℎ  
𝜉

2
 

 5 + 2
 

+(
3

2
)𝑙𝑛(

𝑡𝑎𝑛ℎ  
𝜉

2
 + 1

𝑡𝑎𝑛ℎ  
𝜉

2
 − 1

) −
7

4
𝜉 +  

5

32
 𝑡

 

 
 
 
 

 

 
 
 
 
 

𝜉 = 𝑥 +
7

4
𝑡

(3.40) 

 

See Figure (3. 6)  

 

Case 7: 

𝛼0 = 𝛼0, 𝑣 = −
𝑘2 𝐴1 + 𝛼0𝐵1 

2 − 4𝐵1
2

4𝑘𝐵1 𝐴1 + 𝛼0𝐵1 
, 𝛿 = −

 𝑘2 𝐴1 + 𝛼0𝐵1 
2 + 4𝐵1

2 2

32𝑘2𝐵1
2 𝐴1 + 𝛼0𝐵1 

2
,

𝐴1 = 𝐴1, 𝐴2 =
𝛼0 𝑘

2 𝐴1 + 𝛼0𝐵1 
2 + 4𝐵1

2 

4𝐵1

, 𝐴3 = 0, 𝐴4 = 0,

𝐵1 = 𝐵1 , 𝐵2 = −
𝛼0 𝑘

2 𝐴1 + 𝛼0𝐵1 
2 + 4𝐵1

2 

4𝐵1

,𝐵3 = 0, 𝐵4 = 0

(3.41) 
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Substituting (3.41) into(3.10), we have : 

 

𝑢 𝜉 =
4𝐵1 𝛼0𝐵1 + 𝐴1 𝑠𝑒𝑐ℎ 𝜉 

 4𝐵1
2 𝑠𝑒𝑐ℎ 𝜉 −  𝑘2 𝛼0𝐵1 + 𝐴1 

2 + 4𝐵1
2 𝑐𝑜𝑠ℎ 𝜉 

(3.42) 

 

where      𝜉 = 𝑥 +  
𝑘2 𝐴1+𝛼0𝐵1 

2−4𝐵1
2

4𝑘𝐵1 𝐴1+𝛼0𝐵1 
 𝑡 

Substituting (3.42) into (3.8) and (3.6) yields 

 

ℎ 𝜉  =  
4𝐵1 𝛼0𝐵1 + 𝐴1 𝑠𝑒𝑐ℎ 𝜉 

 4𝐵1
2 𝑠𝑒𝑐ℎ 𝜉 −  𝑘2 𝛼0𝐵1 + 𝐴1 

2 + 4𝐵1
2 𝑐𝑜𝑠ℎ 𝜉 

𝜓 𝜉 =  𝑣 +  
3𝑘

2
  

4𝐵1 𝛼0𝐵1 + 𝐴1 𝑠𝑒𝑐ℎ 𝜉 

 4𝐵1
2 𝑠𝑒𝑐ℎ 𝜉 −  𝑘2 𝛼0𝐵1 + 𝐴1 

2 + 4𝐵1
2 𝑐𝑜𝑠ℎ 𝜉 

  𝑑𝜉

    = 𝑣𝜉 +  
3𝑘𝛽1

4 𝛽2 𝛽2 + 𝛽3

 𝑙𝑛 
 𝛽2 + 𝛽3𝑡𝑎𝑛ℎ

2  
𝜉

2
 + 2 𝛽2𝑡𝑎𝑛ℎ  

𝜉

2
 +  𝛽2 + 𝛽3

 𝛽2 + 𝛽3𝑡𝑎𝑛ℎ
2  

𝜉

2
 − 2 𝛽2𝑡𝑎𝑛ℎ  

𝜉

2
 +  𝛽2 + 𝛽3

 

𝛽1 = 4𝐵1 𝛼0𝐵1 + 𝐴1 , 𝛽2 =  4𝐵1
2 , 𝛽3 =  𝑘2 𝛼0𝐵1 + 𝐴1 

2 + 4𝐵1
2 

(3.43) 

 

Consequently,the exact solution of the derivative Schrödinger equation (3.1) with the help of Eq. (3.43) and Eq. 

(3.2) are obtained in the following form: 

 

   𝑊 𝑥, 𝑡 =  

 
 
 
 
 
 
 
 
 
 
 
  

4𝐵1 𝛼0𝐵1 + 𝐴1 𝑠𝑒𝑐ℎ 𝜉 

 4𝐵1
2 𝑠𝑒𝑐ℎ 𝜉 −  𝑘2 𝛼0𝐵1 + 𝐴1 

2 + 4𝐵1
2 𝑐𝑜𝑠ℎ 𝜉 

 ×

𝑒𝑥𝑝

 

 
 
 
 

𝑖

 

 
 
  

3𝑘𝛽1

4 𝛽2 𝛽2 + 𝛽3

 𝑙𝑛 
 𝛽2 + 𝛽3𝑡𝑎𝑛ℎ

2  
𝜉

2
 + 2 𝛽2𝑡𝑎𝑛ℎ  

𝜉

2
 +  𝛽2 + 𝛽3

 𝛽2 + 𝛽3𝑡𝑎𝑛ℎ
2  

𝜉

2
 − 2 𝛽2𝑡𝑎𝑛ℎ  

𝜉

2
 +  𝛽2 + 𝛽3

 

+𝑣𝜉 +  
 𝑘2 𝐴1 + 𝛼0𝐵1 

2 + 4𝐵1
2 2

32𝑘2𝐵1
2 𝐴1 + 𝛼0𝐵1 

2
 𝑡

 

 
 
 

 

 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

𝜉 = 𝑥 +  
𝑘2 𝐴1 + 𝛼0𝐵1 

2 − 4𝐵1
2

4𝑘𝐵1 𝐴1 + 𝛼0𝐵1 
 𝑡

(3.44) 

 

In particular setting  𝛼0 = 1, 𝑘 = 6, 𝐴1 = 1, 𝐵1 = 1 we find : 

𝑊7 𝑥, 𝑡 =   
8𝑠𝑒𝑐ℎ 𝜉 

4𝑠𝑒𝑐ℎ 𝜉 − 148𝑐𝑜𝑠ℎ 𝜉 
 𝑒𝑥𝑝

 

 
 
 
 
 

𝑖

 

 
 
 
  −

35

12
 𝜉 + 3𝑎𝑟𝑐𝑡𝑎𝑛  

6𝑡𝑎𝑛ℎ  
𝜉

2
 

 37 + 1
 

−3𝑎𝑟𝑐𝑡𝑎𝑛  
6𝑡𝑎𝑛ℎ  

𝜉

2
 

 37 − 1
 +  

1369

288
 𝑡

 

 
 
 
 

 

 
 
 
 
 

𝜉 = 𝑥 +  
35

12
 𝑡

(3.45) 

 

See Figure (3. 7)  

 

Case 8: 

𝛼0  = 𝛼0, 𝑣 = −
3𝑘2 𝐴4 + 𝛼0𝐵4 

2 + 𝐵4
2

4𝑘𝐵4 𝐴4 + 𝛼0𝐵4 
, 𝛿 =

 3𝑘2 𝐴4 + 𝛼0𝐵4 
2 − 𝐵4

2  𝑘2 𝐴4 + 𝛼0𝐵4 
2 + 𝐵4

2 

32𝑘2 𝐴4 + 𝛼0𝐵4 + 𝐵4
2

𝐴1 =
𝐴4𝑘

2 𝐴4 + 𝛼0𝐵4 
2 + 𝐵4

2 𝐴4 + 2𝛼0𝐵4 

𝑘2 𝐴4 + 𝛼0𝐵4 
2 + 𝐵4

2 , 𝐴2 = 0, 𝐴3 = 0, 𝐴4 = 𝐴4

𝐵1 =
𝐵4 𝑘

2 𝐴4 + 𝛼0𝐵4 
2 − 𝐵4

2 

𝑘2 𝐴4 + 𝛼0𝐵4 
2 + 𝐵4

2 , 𝐵2 = 0, 𝐵3 = 0, 𝐵4 = 𝐵4

(3.46) 
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Substituting (3.46) into (3.10), we have : 

 

𝑢 𝜉 =
 𝛼0𝐵4 + 𝐴4  𝐵4

2 + 𝑘2 𝛼0𝐵4 + 𝐴4 
2  𝑠𝑒𝑐ℎ 𝜉 + 1 

 𝑘2𝐵4 𝛼0𝐵4 + 𝐴4 
2 − 𝐵4

3 𝑠𝑒𝑐ℎ 𝜉 +  𝑘2𝐵4 𝛼0𝐵4 + 𝐴4 
2 + 𝐵4

3 
(3.47) 

 

where     𝜉 = 𝑥 +  
3𝑘2 𝐴4+𝛼0𝐵4 

2+𝐵4
2

4𝑘𝐵4 𝐴4+𝛼0𝐵4 
 𝑡 

Substituting (3.47) into (3.8) and (3.6) yields 

 

ℎ 𝜉 =  
 𝛼0𝐵4 + 𝐴4  𝐵4

2 + 𝑘2 𝛼0𝐵4 + 𝐴4 
2  𝑠𝑒𝑐ℎ 𝜉 + 1 

 𝑘2𝐵4 𝛼0𝐵4 + 𝐴4 
2 − 𝐵4

3 𝑠𝑒𝑐ℎ 𝜉 +  𝑘2𝐵4 𝛼0𝐵4 + 𝐴4 
2 + 𝐵4

3 

𝜓 𝜉 =  𝑣 +  
3𝑘

2
  

 𝛼0𝐵4 + 𝐴4  𝐵4
2 + 𝑘2 𝛼0𝐵4 + 𝐴4 

2  𝑠𝑒𝑐ℎ 𝜉 + 1 

 𝑘2𝐵4 𝛼0𝐵4 + 𝐴4 
2 − 𝐵4

3 𝑠𝑒𝑐ℎ 𝜉 +  𝑘2𝐵4 𝛼0𝐵4 + 𝐴4 
2 + 𝐵4

3 
  𝑑𝜉

    = 𝑣𝜉 +  
3𝑘𝐸1 𝐸3 − 𝐸2 

𝐸3 𝐸2
2 − 𝐸3

2
 𝑎𝑟𝑐𝑡𝑎𝑛  

 𝐸2 − 𝐸3 𝑡𝑎𝑛ℎ  
𝜉

2
 

𝐸3 𝐸2
2 − 𝐸3

2
 +  

3𝑘𝐸1

2𝐸3

 𝑙𝑛  
𝑡𝑎𝑛ℎ  

𝜉

2
 + 1

𝑡𝑎𝑛ℎ  
𝜉

2
 − 1

 

𝐸1 =  𝛼0𝐵4 + 𝐴4  𝐵4
2 + 𝑘2 𝛼0𝐵4 + 𝐴4 

2 ; 𝐸2 =  𝑘2𝐵4 𝛼0𝐵4 + 𝐴4 
2 − 𝐵4

3 ;

𝐸3 =  𝑘2𝐵4 𝛼0𝐵4 + 𝐴4 
2 + 𝐵4

3 

(3.48) 

 

Consequently,the exact solution of the derivative Schrödinger equation (3.1) with the help of Eq. (3.48) and Eq. 

(3.2) are obtained in the following form: 

   
In particular setting   𝛼0 = 0, 𝑘 = 1, 𝐴4 = 2, 𝐵4 = −1 we find :  

𝑊8 𝑥, 𝑡 =   −
10 𝑠𝑒𝑐ℎ 𝜉 + 1 

3𝑠𝑒𝑐ℎ 𝜉 + 5
 × 𝑒𝑥𝑝

 

 
 
 
 
 

𝑖

 

 
 
 
 −3𝑎𝑟𝑐𝑡𝑎𝑛  

𝑡𝑎𝑛ℎ  
𝜉

2
 

2
 +  

13

8
 𝜉

+3𝑙𝑛  
𝑡𝑎𝑛ℎ  

𝜉

2
 − 1

𝑡𝑎𝑛ℎ  
𝜉

2
 + 1

 −  
55

128
 𝑡

 

 
 
 
 

 

 
 
 
 
 

𝜉 = 𝑥 −
13

8
𝑡

(3.50) 

See Figure (3. 8)  

 

 

Case 9: 

𝛼0 = 𝛼0, 𝑣 = 𝑣, 𝛿 = −
1

2
 𝑣2 +

1

4
 ,

𝐴1 =  
4𝛼0𝑘

2𝑣2 𝐴4 + 𝛼0𝐵4 − 2𝑘𝑣 𝐴4 + 2𝛼0𝐵4 + 𝐵4

𝑘 1 + 4𝑣2
, 𝐴2 = −𝛼0𝑘 𝐴4 + 𝛼0𝐵4  1 + 4𝑣2 , 𝐴3 = 0,

𝐴4 = 𝐴4, 𝐵1 = −
2𝑣 2𝑣𝑘 𝐴4 + 𝛼0𝐵4 − 𝐵4 

 1 + 4𝑣2
, 𝐵2 = 𝑘 𝐴4 + 𝛼0𝐵4  1 + 4𝑣2 , 𝐵3 = 0, 𝐵4 = 𝐵4

(3.51) 

 

Substituting (3.51) into (3.10), we have : 
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𝑢 𝜉 

=
 2𝛼0𝑣𝐵4 + 2𝑣𝐴4 − 𝐵4 𝑠𝑒𝑐ℎ 𝜉 −  𝛼0𝐵4 + 𝐴4  1 + 4𝑣2

 2𝛼0𝑣
2𝐵4 − 2𝑣𝐵4 + 4𝑣2𝐴4 𝑠𝑒𝑐ℎ 𝜉 −  𝛼0𝐵4 + 4𝛼0𝑣

2𝐵4 + 𝐴4 + 4𝑣2𝐴4 𝑐𝑜𝑠ℎ 𝜉 − 𝐵4 1 + 4𝑣2
(3.52) 

 

where      𝜉 = 𝑥 − 𝑣𝑡 
Substituting (3.52) into (3.8) and (3.6) yields 

 

 
 

Consequently,the exact solution of the derivative Schrödinger equation (3.1) with the help of Eq. (3.53) and Eq. 

(3.2) are obtained in the following form: 

 

 
In particular setting   𝛼0 = 1, 𝑣 = 1, 𝑘 = 2, 𝐴4 = 1, 𝐵4 = 1 we find : 

 

𝑊9 𝑥, 𝑡 =

 

 
 
 
 
 
 
  

 2

2
   

 7 5 𝑠𝑒𝑐ℎ 𝜉 −  20 

 14 5 𝑠𝑒𝑐ℎ 𝜉 −  20 5 𝑐𝑜𝑠ℎ 𝜉 − 5
 ×

𝑒𝑥𝑝

 

 
 
 
 

𝑖

 

 
 
 

4𝜉 + 3𝑎𝑟𝑐𝑡𝑎𝑛   −2 +  5 𝑡𝑎𝑛ℎ  
𝜉

2
  

+3𝑙𝑛  
𝑡𝑎𝑛ℎ  

𝜉

2
 − 1

𝑡𝑎𝑛ℎ  
𝜉

2
 + 1

 +  
5

8
 𝑡

 

 
 
 

 

 
 
 
 

 

 
 
 
 
 
 
 

𝜉 =  𝑥 − 𝑡

(3.55) 

 

See Figure (3. 9)  

Case 10: 

𝛼0 =  𝛼0, 𝑣 = −
3𝑘2 𝐴3 + 𝛼0𝐵3 

2 + 9𝐵3
2

4𝑘𝐵3 𝐴3 + 𝛼0𝐵3 
, 𝛿 =

3 𝑘4 𝐴3 + 𝛼0𝐵3 
4 + 6𝐵3

2𝑘2 𝐴3 + 𝛼0𝐵3 
2 − 27𝐵3

4 

32𝐵3
2𝑘2 𝐴3 + 𝛼0𝐵3 

2
,

𝐴1 = −
𝐴3𝑘

2 𝐴3 + 𝛼0𝐵3 
2 + 9𝐵3

2 𝐴3 + 2𝛼0𝐵3 

4𝑘2 𝐴3 + 𝛼0𝐵3 
2 + 36𝐵3

2 , 𝐴2 = 0, 𝐴3 = 𝐴3, 𝐴4 = −
3

4
𝐴3

𝐵1 =  −
𝐵3 𝑘

2 𝐴3 + 𝛼0𝐵3 
2 − 9𝐵3

2 

4 𝑘2 𝐴3 + 𝛼0𝐵3 
2 + 9𝐵3

2 
, 𝐵2 = 0, 𝐵3 = 𝐵3 , 𝐵4 = −

3

4
𝐵3

(3.56) 

 

Substituting (3.56) into (3.10), we have : 
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𝑢 𝜉 = 𝛼0 +
 −

𝐴3𝑘
2 𝐴3+𝛼0𝐵3 

2+9𝐵3
2 𝐴3+2𝛼0𝐵3 

4𝑘2 𝐴3+𝛼0𝐵3 2+36𝐵3
2  𝑠𝑒𝑐ℎ 𝜉 + 𝐴3𝑐𝑜𝑠ℎ

2 𝜉 −
3

4
𝐴3

 −
𝐵3 𝑘

2 𝐴3+𝛼0𝐵3 
2−9𝐵3

2 

4 𝑘2 𝐴3+𝛼0𝐵3 
2+9𝐵3

2 
 𝑠𝑒𝑐ℎ 𝜉 + 𝐵3𝑐𝑜𝑠ℎ

2 𝜉 −
3

4
𝐵3

(3.57) 

 

where      𝜉 = 𝑥 +  
3𝑘2 𝐴3+𝛼0𝐵3 2+9𝐵3

2

4𝑘𝐵3 𝐴3+𝛼0𝐵3 
 𝑡 

Substituting (3.57) into (3.8) and (3.6) yields 

   
Consequently,the exact solution of the derivative Schrödinger equation (3.1) with the help of Eq. (3.58) and Eq. 

(3.2) are obtained in the following form: 

𝑊 𝑥, 𝑡 =

 
 
 
 
 
 
 
 
 

 

 
 
 𝑣 +  

3𝑘

2
  𝛼0 +

 −
𝐴3𝑘2 𝐴3+𝛼0𝐵3 

2+9𝐵3
2 𝐴3+2𝛼0𝐵3 

4𝑘2 𝐴3+𝛼0𝐵3 
2+36𝐵3

2  𝑠𝑒𝑐ℎ 𝜉 + 𝐴3𝑐𝑜𝑠ℎ
2 𝜉 −

3

4
𝐴3

 −
𝐵3 𝑘2 𝐴3+𝛼0𝐵3 2−9𝐵3

2 

4 𝑘2 𝐴3+𝛼0𝐵3 
2+9𝐵3

2 
 𝑠𝑒𝑐ℎ 𝜉 + 𝐵3𝑐𝑜𝑠ℎ

2 𝜉 −
3

4
𝐵3

 

 

 
 

×

𝑒𝑥𝑝  𝑖  𝜓 𝜉 −  
3 𝑘4 𝐴3 + 𝛼0𝐵3 

4 + 6𝐵3
2𝑘2 𝐴3 + 𝛼0𝐵3 

2 − 27𝐵3
4 

32𝐵3
2𝑘2 𝐴3 + 𝛼0𝐵3 

2
 𝑡  

 
 
 
 
 
 
 
 
 

   (3.59)

𝜉 =  𝑥 +  
3𝑘2 𝐴3 + 𝛼0𝐵3 

2 + 9𝐵3
2

4𝑘𝐵3 𝐴3 + 𝛼0𝐵3 
 𝑡

 

In particular setting   𝛼0 = 1, 𝑘 = 1, 𝐴3 = 4, 𝐵3 = 2 we find :  

𝑊10 𝑥, 𝑡 =

 
 
 
 
 
 
 
 
 
 
 
 
 

 

  1 +
 −

3

2
 𝑠𝑒𝑐ℎ 𝜉 + 4𝑐𝑜𝑠ℎ2 𝜉 − 3

2𝑐𝑜𝑠ℎ2 𝜉 −
3

2
 

 ×

𝑒𝑥𝑝

 

 
 
 
 
 

𝑖

 

 
 
 
 −

3

2
𝜉 + 3𝑎𝑟𝑐𝑡𝑎𝑛  𝑡𝑎𝑛ℎ  

𝜉

2
  + 3𝑎𝑟𝑐𝑡𝑎𝑛  

𝑡𝑎𝑛ℎ  
𝜉

2
 

 3 − 2
 

−3𝑎𝑟𝑐𝑡𝑎𝑛  
𝑡𝑎𝑛ℎ  

𝜉

2
 

 3 + 2
 + 3𝑙𝑛  

𝑡𝑎𝑛ℎ  
𝜉

2
 + 1

𝑡𝑎𝑛ℎ  
𝜉

2
 − 1

 −  
9

8
 𝑡

 

 
 
 
 

 

 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

𝜉 = 𝑥 + 3𝑡

(3.60) 

See Figure (3. 10) 
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IV. Table Graphics 

   

Figure (3.1) Figure (3.2) Figure (3.3) 

The 3D plot of  W1 ξ   The 3D plot of  W2 ξ   The 3D plot of  W3 ξ   
ξ = x + t ξ = x + 2t ξ = x + t 

−5 ≤ x ≤ 5 

−5 ≤ t ≤ 5 

−5 ≤ x ≤ 5 

−5 ≤ t ≤ 5 

−0.5 ≤ x ≤ 0.5 

−0.5 ≤ t ≤ 0.5 
 

 
 

 

Figure (3.4) Figure (3.5) Figure (3.6) 

The 3D plot of  W4 ξ   The 3D plot of  W5 ξ   The 3D plot of  W6 ξ   

ξ = x ξ = x +  
14

3
 t ξ = x +  

7

4
 t 

−5 ≤ x ≤ 5 

−5 ≤ t ≤ 5 

0 ≤ x ≤ 5 

−5 ≤ t ≤ 5 

−20 ≤ x ≤ 20 

−20 ≤ t ≤ 20 
 

   
Figure (3.7) Figure (3.8) Figure (3.9) 

The 3D plot of  W7 ξ   The 3D plot of  W8 ξ   The 3D plot of  W9 ξ   

ξ = x +  
35

12
 t ξ = x −  

13

8
 t ξ = x − t 

−5 ≤ x ≤ 5 

−5 ≤ t ≤ 5 

0 ≤ x ≤ 2 

0 ≤ t ≤ 2 

−5 ≤ x ≤ 5 

−100 ≤ t ≤ 100 
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 Figure(3.10)  

 The 3D plot of  W10 ξ    

 ξ = x + 3t  

 −5 ≤ x ≤ 5 

−10 ≤ t ≤ 10 

 

 

V. Conclusion 

 In this article, we propose new technique called The generalized of 𝑐𝑜𝑠ℎ 𝜉  expansion method. this 

method has been applied to find the exact traveling solutions of the Derivative Schrödinger Equation. these 

solutions have rich local structures, It may be important to explain some physical phenomena . This work shows 

that, the generalized of 𝑐𝑜𝑠ℎ 𝜉  expansion method is direct, effective and can be used for many other NLPDEs in 

mathematical physics. 
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