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Abstract: A new class of probability distribution namely Weighted Marshall-Olkin Bivariate Exponential 

Distribution is considered in this paper. The distribution of concomitant of order statistics and joint distribution 

of two concomitant of order statistics has been obtained. Further explicit expression for single moment of 

concomitant of order statistics is obtained. Explicit expression for moment generating function of concomitant 

of order statistics has been obtained also. 
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I. Introduction 
The concept of concomitant of order statistics was first introduced by David (1973). Let 

 , ; 1, 2,...,i iX Y i n  be a random sample drawn from an arbitrary bivariate distribution with cumulative 

distribution function (cdf)  ( , )F x y  and probability density function (pdf) ( , )f x y . If the marginal X

observations in the sample are ordered as 
1: 2: :, ,...,n n n nX X X , then the accompanying Y  observation in an 

ordered pair with X  observation equal to 
:r nX

 
is called the concomitant of the 

thr  order statistics 
:r nX  and is 

denoted by [ : ]r nY .  

The most important use of concomitant arises in the selection procedures, when (1 )k k n 

individuals are chosen on the basis of their X  values, then the corresponding Y values represent the 

performance on an associated characteristic, which is hard to measure or can be observed only later. For example; 

if the top k  out of n  rams, as judged by their genetic make-up are selected for breeding, then [1: ] [ : ],...,n n nY Y  

might represent the quality ofthe wool of a corresponding female offspring in the cross. Another application of 

concomitant of order statistics may be competitive exams in which X  may be score in preliminary test and Y  

may be the corresponding scores in main test. 

Jamalizadeh and Kundu (2013) proposed a four parameter Weighted Marshall-Olkin bivariate 

exponential model denoted by 
1 2 12( , , , )WMOBE     as an improvisation over Marshall-Olkin bivariate 

exponential model or Marshall-Olkin bivariate Weibull model, providing comparatively better fit in certain cases. 

They established the properties of this new Weighted Marshall-Olkin bivariate exponential distribution whose 

marginal has univariate weighted exponential ( )WE  Distribution. The Weighted Marshall-Olkin bivariate 

exponential is established as follows: 

Univariate weighted exponential distribution with parameters 0  and 0  has pdf and cdf as follows 

1
( , , ) (1 ); 0, , 0x xf x e e x 

    


  
    
 

                                        (1.1) 

( , , ) 1 [ ( 1)]
x

xe
F x e


  




 

    
 

                                                   (1.2) 

Now, the bivariate random vector 1 2( , )   has Marshall-Olkin bivariate exponential distribution if it has the joint 

pdf 
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and is denoted by 
1 2 12( , , )MOBE     

If 
1 2,U U and 

3U are the independent exponential random variables with parameters 
1 2 12, ,    respectively, 

such that 

1 2 0 1 0 2( , ) [min( , );min( , )]d U U U U   

Then the random vector ( , )X Y
 
is said to have WMOBE  distribution with parameter 

1 2 12( , , , )     , if 

1
1 2min( , )X d

W


   

and 

2
1 2min( , )Y d

W


   

where 

exp( )W   

It is denoted by 

1 2 12( , ) ( , , , )X Y WMOBE      

with corresponding joint cdf as 

1

2

0

( , ); if 0

( , ) ( , ); if 0

( , ); if 0

F x y x y

F x y F x y y x

F x y y x

 


  
  

 

where 

1 2 12 2 12 1( ) ( ) ( )2 12
1

1 1

( )
( , ) 1 (1 )

( )( )

x y y y y x xx yF x y e e e e            

      

        
     

        
        

          (1.3) 

2 1 12 2 12 1( ) ( ) ( )2 12
2

2 2

( )
( , ) 1 (1 )

( )( )

y x x y x x yy xF x y e e e e            

      

        
     

        
        

      (1.4) 

2( ))

0( , ) 1 (1 ) xx xF x y e e e     

  

       
           

                                                               (1.5) 

where
1 2 12,       

and the corresponding joint pdf of 
1 2 12( , , , )WMOBE     is given as 

1

2

0

( , ); if 0

( , ) ( , ); if 0

( , ); if 0

f x y x y

f x y f x y y x

f x y y x

 


  
  

 

where 

1 2 12( )

1 1 2 12( , ) ( ) (1 )x y xf x y e e e    
  



    
   
 

                             (1.6) 

1 12 2( )

2 2 1 12( , ) ( ) (1 )x y yf x y e e e    
  



    
   
 

                             (1.7) 

0 12( , ) (1 )x xf x y e e  
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Jamalizadeh and Kundu (2013) proved that when
1 2 12( , ) ( , , , )X Y WMOBE     , then

2
1 12

1 12

,X WE
 

 
 

 
 

 
  having the marginal pdf and marginal cdf of X  as follows: 

   

1 12 2( ) ( )

1 12

2

( ) ( ) [1 ], 0x xf x e e x    
 

 

    
    

 

                                             (1.9) 
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Therefore the conditional pdf  of  |Y X is as follows 

1

2

0

( | ); if 0

( | ) ( | ); if 0

( | ); if 0

f y x x y

f y x f y x y x
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where 

1 1 12 2 12 2( ) ( ) ( ) 11 2 2 12
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x x y xxf y x e e e e e          
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2 2( ) 12 2
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(1.13) 

The theory of concomitant of order statistics was introduced by David (1973). Several authors discussed 

the concomitant of order statistics. Balasubramanian and Beg (1998) discussed the concomitant of order statistics 

in Gumble's bivariate exponential distribution. In this sequence of study, Begum and Khan (2000) and Begum 

(2003) obtained the expressions of concomitant of order statistics from Marshall and Olkin's bivariate Weibull 

distribution and from bivariate Pareto II distribution. Aleem (2006) obtained the expression for concomitant of 

order statistics from bivariate inverse Rayleigh distribution. Chacko and Thomas (2011) developed the theory of 

estimation of parameters using concomitant of order statistics from Morgenstern type bivariate exponential 

distribution. Philip and Thomas (2015) obtained the concomitant of order statistics from extended Farlie-Gumble-

Morgenstern bivariate logistic distribution and discussed it's application in point estimation. 

In the present article, we have studied the properties of [ : ]r nY if the random variables ( , ), 1,2,...,i iX Y i n are 

independently and identically distributed (iid) and follows
1 2 12( , , , )WMOBE     . Rest of the paperis 

organized as follows. In section 2, we have obtained the pdf and cdf of
thr order statistics 

:r nX  and we have 

obtained the joint density of 
thr order statistics and 

ths order statistics,1 r s n   , when

2
1 12

1 12

,X WE
 

 
 

 
 

 
  with pdf and cdf given in (1.9) and in (1.10)  respectively. In section 3, we have 

obtained the density of concomitant first order statistics [1: ]nY
 
and using this density, we have deduced the pdf of 

concomitant of 
thr order statistics [ : ]r nY .Subsequently, in section 4, we have computed the moments of 

concomitant of 
thr order statistics in explicit and exact form. In section 5, we have obtained the exact expression 

for moment generating function of concomitant of 
thr  order statistics [ : ]r nY . Finally, in section 6, we obtained the 

joint distribution of concomitant of two order statistics [ : ]r nY
 
and [ : ]s nY . 

 

II. Distribution of Order Statistics 

Let 
1 2, ,..., nX X X  be the n iid observations from the population having cdf ( )F x and pdf ( )f x   then the 

pdf of 
thr order statistics :r nX  is given as 

1

: :( ) [ ( )] [1 ( )] ( )r n r

r n r nf x C F x F x f x    
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Where :

!
.

( 1)!( )!
r n

n
C

r n r


 
 

Thus if 
1 2, ,..., nX X X  be the n iid observations from a population having pdf  ( )f x

 
and cdf  ( )F x  given in 

(1.9) and (1.10) respectively, then the pdf of  
thr  order statistics is given as 

1 12 2 1 12

1 12

( ) ( ) ( ) ( )1 12
: : 1 12

2

( )( ) 1

2 1 12

( )( )
( ) [1 ][( ) ( ) ]

( )

[( ) ( ) ( ) ]

x x x x n r

r n r n n

xx r

f x C e e e e

e e

       

  

   
   

 

     

        

   

 
    



     

(2.1) 

Putting 1r    in (2.1), we get the pdf of first order statistics 
1:nX  as 

1 12 2 1 12( ) ( ) ( ) ( ) 11 12
1: 1 12

2

( )( )
( ) [1 ][( ) ( ) ]

( )

x x x x n

n n

n
f x e e e e          

   
 

         
    


  (2.2) 

The joint pdf of
:r nX and 

:s nX , (1 )r s n    is given as 

1 1)

, : 1 2 , : 1 1 2 2 1 2( , ) [1 ( )] [ ( ) ( )] [ ( )] ( ) ( )r s r n s

r s n r s nf x x C F x F x F x F x f x f x       

Where ( ) [1 ( )]F x F x 

 

and  , :

!
.

( 1)![ ( 1)]!( )!
r s n

n
C

r s r n s


     

Thus, if  
1 2, ,..., nX X X  be the n iid observations from the population having pdf ( )f x and cdf ( )F x  given 

in (1.9) and (1.10) respectively, then the joint pdf of 
:r nX  and 

:s nX  is given by 

1 12 1 2 2 1 2 2

1 12 1 1

2

( )( ) ( ) ( )2

, : 1 2 , : 1 12

2

1
1 1

( ) ( ) 1

1 12

0 0 2
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1 1 1
( 1) [( ) ( ) ]
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l n r
r s r

x xl q l s r q

l q

f x x C e e e
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1 12 2 2( ) ( )

1 12( ) ( ) ]x x n s qe e             

(2.3) 

 

III. Distribution of Concomitant of Order Statistics 
In this section, we have deduced the result for the pdf of concomitants of order statistics when random 

variables ( , ); 1,2,...,i iX Y i n  are iid and follows 
1 2 12( , , , )WMOBE     . First we have obtained the pdf of first 

concomitants of order statistics [1: ]nY  and utilizing pdf of [1: ]nY , we have obtained the pdf of 
thr  concomitants of 

order statistics [ : ]r nY . The pdf of concomitant of first order statistics   1:n
Y  is given by 

[1: ] 1 1: 2 1: 3 1:
0

( ) ( | ) ( ) ( | ) ( ) ( | ) ( )
y

n n n n
y

g y f y x f x dx f y x f x dx f y x f x


     

The pdf of concomitant of first order statistics  1:n
Y , when random variables ( , ); 1,2,...,i iX Y i n  are iid and 

follows 
1 2 12( , , , )WMOBE      is given by 

2 12
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Now denoting 1 12 2( ) ( )pA n p       ,  this implies that 
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(3.2) 

It is well known that cdf of order statistics are connected by the relation (see David; 1981) 

1

: 1:

1
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This relation also holds for pdf of concomitant of order statistics as (see Balasubramanian and Beg; 1998). 

Therefore, the pdf of concomitant of  
thr order statistics [ : ]r nY  is given as 

1

[ : ] [1: ]

1

1
( ) ( 1) ( )

n
i n r

r n i

i n r

i n
g y g y

n r i

  

  

  
    

  


 

2 22 12 2 12

1
1 1 2 12

[ : ] 1 121
1 0 2

( ) ( )( ) ( )

12 12

1 1 ( )
( ) ( 1) ( ) ( )

( )

( 1)

p p

n i
i n r p i p p

r n i
i n r p

A y A yy y

p p

i

i n i i
g y

n r i p

e e e e

A A

     

  
   

  

  


    


   

       



     
      

    

     
               

 

 

2 2( ) ( )1
1 12

1 121
1 0 2

1
1 12

1 121
0 2

1 1
( ) ( )

( )

1 1
( 1) ( ) ( )

( )

p pA y A yn i
n r p i p p

i
i n r p p

i
i n r p i p p

i
p

i n i i e e

n r i p A

i n i i

n r i p

  


   
  


   

  

    
    


   


    




      
      

        

    
      

    

 

 2 2( ) ( )

1

[ ]p p

n
A y A y

i n r

e e
      

  



(3.3) 

 

IV. Moment of Concomitant of Order Statistics 

In this section, we have deduced the explicit expression for the moment of concomitant of  
thr  order 

statistics when random variables ( , ); 1,2,...,i iX Y i n  are iid and follows 
1 2 12( , , , )WMOBE     .Utilizing these 

results, we can compute means and varainces of concomitant of  
thr  order statistics. The 

thj  moment about 

origin of concomitant of  
thr  order statistics [ : ]r nY  is given by 

[ : ] [ : ]
0

( )
r n

j j

Y r ny g y dy


   

Using (3.3), we have 
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V. Moment Generating Function of Concomitant of Order Statistics 
In this section, we have obtained the exact expression for the moment generating function (mgf) of 

concomitant of  
thr  order statistics when random variables ( , ); 1,2,...,i iX Y i n  are iid and follows 

1 2 12( , , , )WMOBE     . The mgf  of concomitant of  
thr  order statistics ]:[ nrY is given by  
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   (5.1) 

Equation (5.1) can be utilized to compute the moment about origin of any order. 

 

VI. Joint Density of Concomitants of Two Order Statistics 

In this section, the joint density of [ : ]r nY and [ : ]s nY  , 1 ,r s n  
 

when random variables 

( , ), 1,2,...,i iX Y i n  are iid and follows 
1 2 12( , , , )WMOBE     , has been deduced. Let [ : ]r nY  and [ : ]s nY  

be the concomitant of r
th 

and s
th

 order statistics, respectively. Then the joint pdf of [ : ]r nY and [ : ]s nY , is given by 

2

[ : ] 1 2 1 1 2 2 , : 1 2 1 2( , ) ( | ) ( | ) ( , )

x

r n r s ng y y f y x f y x f x x dx dx


 

    

where , : 1 2( , )r s nf x x is the joint pdf of  two order statistics :r nX and :s nX . Since, the joint pdf is given for three 

different conditions. So, in this case the joint density of concomitants of two order statistics will be given as; 

[ : ] 1 2 1 1 2 2 1 2 3 1 2 4 1 2 5 1 2 6 1 2 7 1 2( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , )r ng y y I y y I y y I y y I y y I y y I y y I y y        

where, 1 1 2 7 1 2( , ),..., ( , )I y y I y y  are the joint densities under different mutually exclusive conditions and are 

define below; 

Case I: When X Y  
We have three case as 
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6.1.  If:
1 1 2 20 x y x y      

Then on using (1.11) and (2.3), we get 
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6.2.  If: 
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6.3.  If: 1 2 2 10 x x y y     
 

Again, on using (1.11) and (2.3), we get 
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Case II: When X Y  
Again we have three case as 

6.4.  If:
1 1 2 20 y x y x      

Then on using (1.12) and (2.3), we get 
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6.5.  If:
1 2 1 20 y y x x       

Again on using (1.12) and (2.3) 
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6.6.  If: 
2 1 1 20 y y x x     

 
Again on using (1.12) and (2.3) 
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Case III: When X Y  
Then 
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On adding 1 7,...,I I we get the required joint density of two concomitant of order statistics. 
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