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Abstract: The aim of this paper is to derive a double integrals involving generalized H–function of two 

variables.  

 

I. Introduction 
The generalized H–function of two variables is given by Shrivastava, H. S. P. [4] and defined as follows:   

 

 Hp1 ,q1;p2 ,q2;p3 ,q3

m1 ,n1 ;m2 ,n2 ;m3 ,n3  [y
x |

(b j ,βj ;B j)1,q 1 : dj ,δj 1,q 2
: fj ,Fj 1,q 3

(aj ,α j ;A j)1,p 1 : cj ,γ j 1,p 2
: ej ,Ej 1,p 3 ] 

 = 
−1

4π2   ϕ1L2L1
 ξ, η θ2(ξ)θ3(η)xξyηdξdη    (1) 

where 

 ϕ1 ξ, η =
 Γ(1−aj +α jξ+A jη)

n 1
j=1

 Γ(b j−βjξ−B jη)
m 1
j=1

 Γ(aj−α jξ−A jη)
p 1
j=n 1+1

 Γ(1−b j +βj ξ+B jη)
q 1
j=1

,

 θ2 ξ =
 Γ(dj−δj ξ)

m 2
j=1

 Γ(1−cj +γ jξ)
n 2
j=1

 Γ(1−dj +δj ξ)
q 2
j=m 2+1

 Γ(cj−γ jξ)
p 2
j=n 2+1



 θ2 ξ =
 Γ(fj−Fjη)

m 3
j=1

 Γ(1−ej +Ejη)
n 3
j=1

 Γ(1−fj+Fjη)
q 3
j=m 3+1

 Γ(ej−Ejη)
p 3
j=n 3+1



 

x and y are not equal to zero, and an empty product is interpreted as unity p i, qi, ni and mj are non 

negative integers such that pi ≥ ni ≥ 0, qi ≥ 0, qj ≥ mj ≥ 0, (i = 1, 2, 3; j = 2, 3). Also, all the A’s, α’s, B’s, β’s, γ’s, 

’s, E’s, and F’s are assumed to the positive quantities for standardization purpose.  

The contour L1 is in the -plane and runs from – i∞ to + i∞, with loops, if necessary, to ensure that the poles of 

(dj - j) (j = 1, ..., m2) lie to the right, and the poles of (1 – cj + γj) (j = 1, ..., n2), (1 – aj + αj+ Aj) (j = 1, 

..., n1) to the left of the contour.  

The contour L2 is in the -plane and runs from – i∞ to + i∞, with loops, if necessary, to ensure that the poles of 

(fj – Fj) (j = 1, ..., m3) lie to the right, and the poles of (1 – ej + Ej) (j = 1, ..., n3), (1 – aj + αj + Aj) (j = 

1, ..., n1) to the left of the contour.  

 The generalized H-function of two variables given by (1) is convergent if  

 

 𝑈 =  𝛼𝑗
𝑛1
𝑗=1 +  𝛽𝑗

𝑚1
𝑗=1 +  𝛾𝑗

𝑛2
𝑗=1 +  𝛿𝑗

𝑚2
𝑗=1  

 

 − 𝛼𝑗
𝑝1
𝑗=𝑛1+1 −  𝛽𝑗

𝑞1
𝑗=𝑚1+1 −  𝛾𝑗

𝑝2
𝑗=𝑛2+1 −  𝛿𝑗

𝑞2
𝑗=𝑚2+1 ;   

(2)  

 𝑉 =  𝐴𝑗
𝑛1
𝑗=1 +  𝐵𝑗

𝑚1
𝑗=1 +  𝐸𝑗

𝑛3
𝑗=1 +  𝐹𝑗

𝑚3
𝑗=1  

 

 − 𝐴𝑗
𝑝1
𝑗=𝑛1+1 −  𝐵𝑗

𝑞1
𝑗=𝑚1+1 −  𝐸𝑗

𝑝3
𝑗=𝑛3+1 −  𝐹𝑗

𝑞3
𝑗=𝑚3+1 ,    

(3)  

where | arg x | < ½ U, | arg y | < ½ V
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II. Result Required 
The following result are required in our present investigation:  

 

From Shrivastava [3, p.1, Eq. (1)]: 

 

    Sn
m  x =  

(−n)m u

u!

[n/m]
u=0 Xu An,u , (n = 0, 1, 2, …),                                                            (4) 

 

where m is arbitrary positive integer, and the coefficients An,u (n, u ≥ 0) are arbitrary constants, real or complex. 

 

III. Main Result 
In this paper we will establish the following integral:  

 

               xλ−1
1

0

1

0

(1 − x)μ−1yρ−1(1 − y)a−2ρ  (1 + ty)ρ−a−1 

 

 . F2 [1+a−b;
a,b; (1+t)y

1+ty1 ] Js
 α ,β  1 − 2x; k Sn

m [cyγ 1 + ty γ 1 − y −2γ] 

 

. Hp1 ,q1;p2 ,q2;p3 ,q3

m1 ,n1 ;m2 ,n2;m3 ,n3  [z2

z1xς (1−x)ν {
y (1+ty )

(1−y )2 }T

|
(b j ,βj ;B j )1,q 1 : dj ,δj 1,q 2

: fj ,Fj 1,q 3

(aj ,α j ;A j )1,p 1 : cj ,γ j 1,p 2
: ej ,Ej 1,p 3 ]dx dy 

 

 = 
2a  4 1+t  −ρΓ 1+

a

2
 Γ(1+a−b)(a+1)ks

 π  Γ 1+a Γ 1+
a

2
 − b  s!

   
(−n)m u

u!

s
j=0

[n/m]
u=0  

 

  . 
(α+β+s+1)kj (−s)j cu

(α+1)kj  j!  4 1+t  γu An,uHp1 ,q1;p2+4,q2+3;p3 ,q3

m1 ,n1 ;m2+2,n2+3;m3 ,n3  [z2

z1 4 1+t  −T

|
(b j ,βj ;B j )1,q 1 :B: fj ,Fj 1,q 3

(aj ,α j ;A j)1,p 1 :A: ej ,Ej 1,p 3 ],        (5) 

where 

 

   A =  1 − μ, ν ,  1 − λ − kj,ς ,  1 − ρ − γu, T ,  cj , γj 1,p2
, (1 + a − b − ρ − γu, T) 

 

   B =  
1

2
+

a

2
− ρ − γu, T ,  1 +

a

2
− b − ρ − γu, T ,  dj , δj 1,q2

,  1 − λ − μ − kj,ς + ν . 

 

The integral (5) is valid if the following sets of (sufficient) conditions are satisfied: 

(i) m is arbitrary positive integer, and the coefficient An,u (n,u≥0) are arbitrary constants, real or complex.  

(ii) | arg z1 | < ½ U, | arg z2 | < ½ Vwhere U and V are given in (2) and (3) respectively. 

(iii) Re 1 + a − b > 0,𝑅𝑒 α > −1,𝑅𝑒 β > −1, 𝑡 > −1, 
           γ ≥ 0, Re λ + ςξ > 0,𝑅𝑒 ρ + νξ > 0, 
        Re ρ + γu + Tξ > 0, Re 1 + a − 2ρ − 2γu − 2Tξ > 0. 

(iv) Re(1−2b) > 0. 

 

Proof: 

To establish (5), we use the series representation of Sn
m [x] as given by (4) and for the generalized H-

function of two variables we use Mellin-Barnes types of contour integral as given in (1), on the left-hand side of 

(5), change the order of integration and summation (which is justified under the conditions given with (5)), we 

then obtain  

 

Left-hand side of (5) =  
(−n)m u

u!

[n/m]
u=0 cu An,u

(−1)

4π2   ϕ1L2L1
 ξ, η θ2(ξ)θ3(η)  

 

 . xλ+ςξ−11

0
 1 − x μ+νξ−1Js

 α ,β  1 − 2x; k dx 

 

 . yρ+γu+Tξ−11

0
(1 − y)a−2Tξ−2γu−2ρ(1 + ty)ρ−a+γu+T−1 

 

 . F2 [1+a+b;
a,b; (1+t)y

1+ty1 ]dy]xξyηdξdη 
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Now using known results [1, p.118, Eq.(3.3.1)] and [2, p.254, Eq.(2.1)], and interpreting the resulting contour 

integral as the generalized H-function of two variables, we once get the right-hand side of (5). 

 

IV. Special Cases 
On specializing the parameters in (5), we get following integral in terms of H-function:  

 

               xλ−1
1

0

1

0

(1 − x)μ−1yρ−1(1 − y)a−2ρ  (1 + ty)ρ−a−1 

 

 . F2 [1+a−b;
a,b; (1+t)y

1+ty1 ] Js
 α ,β  1 − 2x; k Sn

m [cyγ 1 + ty γ 1 − y −2γ] 

 

  . HP,Q
M,N[zxς(1 − x)ν{

y(1+ty )

(1−y)2 }T|
(b j ,βj )1,Q

(aj ,α j )1,P
]dx dy  

 

 = 
2a  4 1+t  −ρΓ 1+

a

2
 Γ(1+a−b)(a+1)ks

 π  Γ 1+a Γ 1+
a

2
 − b  s!

   
(−n)m u

u!

s
j=0

[n/m]
u=0  

 

 . 
(α+β+s+1)kj (−s)j cu

(α+1)kj  j!  4 1+t  γu An,u  HP+4,Q+3
M+2,N+3[z 4 1 + t  −T| ]B

A ,                                                      (6) 

where 

 

       A =  1 − μ, ν ,  1 − λ − kj,ς ,  1 − ρ − γu, T ,  aj ,αj 1,P
, (1 + a − b − ρ − γu, T) 

 

    B =  
1

2
+

a

2
− ρ − γu, T ,  1 +

a

2
− b − ρ − γu, T ,  bj , βj 1,Q

,  1 − λ − μ − kj,ς + ν . 

 

The integral (6) is valid if the following sets of (sufficient) conditions are satisfied: 

(i) m is arbitrary positive integer, and the coefficient An,u (n,u≥0) are arbitrary constants, real or complex.  

(ii) Ω =  αj
N
j=1 − αj

P
j=n+1 +  βj

M
j=1 −  βj

Q
j=n+1 > 0, and |arg z| < (1/2)Ωπ. 

(iii) Re 1 + a − b > 0,𝑅𝑒 α > −1,𝑅𝑒 β > −1, 𝑡 > −1, 
           γ ≥ 0, Re λ + ςξ > 0,𝑅𝑒 ρ + νξ > 0, 
Re ρ + γu + Tξ > 0, Re 1 + a − 2ρ − 2γu − 2Tξ > 0. 

(iv) Re(1−2b) > 0. 
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