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Abstract: In this paper, we studied the fuzzy metric space as defined by Z.Q.Xia, and F.F.Guo. Defined in 

different way in the sense of fuzzy scalars instead of fuzzy numbers or real numbers are used to define fuzzy 

metric. It is proved that every metric space can induce a fuzzy metric space that is complete whenever, the 

original one is complete. We define fuzzy contraction mapping and try to established fixed point theorem in 

fuzzy metric space. 
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I. Introduction 

To define fuzzy metric space is of course a problem in fuzzy mathematics which can be used in fuzzy 

optimization and pattern recognition. There are various approaches to define fuzzy metric space. Some other 

researcher like Kaleva (1980),George (1994), Gregory (2000),etc. They are using real numbers to measure the 

distance between fuzzy sets. The problem is that they are using different measure in different problems in fuzzy 

environment. There does not exist a uniform measure that can be used in all kinds of fuzzy environment. In this 

paper, an attempt has been made to using fuzzy scalars (fuzzy points defined on the real-valued space R) to 

measure the distance between fuzzy points which is consistent with the theory of fuzzy linear spaces in the sense 

of Xia and Guo (2003),more similar to the classic metric spaces. Using Xia and Guo, definition of fuzzy metric 

space, We established some other results and prove fixed point theorem in fuzzy metric space. 

 

II. Preliminaries 
2.1 FUZZY POINTS: A fuzzy set in X is called a fuzzy points iff it takes the value „0‟ for y ∈ X, except one 

say x ∈ X. If its value at x is λ (0 < λ ≤ 1). We denote this fuzzy point by x , where the point x is called its 

support. 
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x y

if x y


 
 


  

In this paper, fuzzy points are usually denoted by  ,x  , and the set of all fuzzy points defined on X is denoted 

by  FP X  . In particular, when X = R, fuzzy points are also called fuzzy scalars and the set of all fuzzy scalars 

is denoted by  FS R . A fuzzy set A can be regarded as a set of fuzzy points belonging to it, i.e. 

    , :A x A x           Or a set of fuzzy points on it      , :A x A x    

 

III. Fuzzy Metric Spaces 
3.1 FUZZY SCALARS: Suppose (x, λ) and (y, λ) are two fuzzy scalars. The following conditions are satisfied 

(a) We say (a, λ)  (b, ), if  a b  or (a, λ) = (b, ). 

(b) (a, λ), is not less than (b, ) , if  a  b, denoted by (a, λ) (b, ), or (a, λ) (b, ) 

(c) (a, λ) is said to be non-negative if  0a  . The set of all non-negative fuzzy scalars is denoted by ( )FS R
. 

The definition (a) and (b) are both partial orders. When R is a subset of ( )FS R , (R, ), and (R, ), are the 

same as (R, ). Thus both   and   can be viewed as some kind of generalization of the ordinary complete 

order . It is obvious that the order defined in (a) is stronger than defined in (b). 

3.2 FUZZY METRIC SPACE: Suppose X is a non-empty set and : ( ). ( ) ( )F F F Fd P X P X S R , is a 

mapping. ( ( ), )F FP X d is said to be a fuzzy metric space if for any (x,λ),(y, γ),and (z, ρ) ( )FP X , Fd satisfy 

the following three conditions. 
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(i)
Fd ((x,λ),(y, γ)) = 0,  iff  x = y, and λ = γ = 1 

(ii)     
Fd ((x,λ),(y, γ))  =  

Fd ((y, γ),(x,λ))      (Symmetric ) 

(iii)    (( , ),( , )) (( , ) ( , )) (( , ) ( , ))F F Fd x z d x y d y z        , Triangular inequality 

Fd is called a fuzzy metric defined in ( )FP X , and (( , ),( , ))Fd x y   is called fuzzy distance between two 

fuzzy points. 

Note that fuzzy metric spaces have fuzzy points as their elements, ie they are sets of fuzzy points. 

EXAMPLE :1 Suppose ( , )X d is an ordinary metric space. The distance of any two fuzzy points 

( , ), ( , )x y  in ( )FP X ,is defined as 

 (( , ), ( , ) ( , ),min( , )Fd x y d x y   
 

Where ( , )d x y , is the distance between x and y defined in (x, d). Then ( ( ), )F FP X d ,is a fuzzy metric space. 

PROOF : It suffices to prove that 
Fd satisfied all the condition as defined in 3.2. Suppose that ( , ), ( , )x y  , 

are two fuzzy points in ( )FP X . Since ( , )d x y is the distance between x and y also ( , ) 0d x y  , if x y , it 

follows from definition (1) that  (( , ), ( , )) ( , ),min( , )Fd x y d x y    is non-negative fuzzy scalars. It is 

obvious that (( , ), ( , )) 0d x y   , iff ( , ) 0d x y  and  min , 1   , which is equal to that x y ,and 

1   . 

Symmetric: For any ( , ), ( , ) ( )Fx y P X   , we have 

    (( , ), ( , )) ( , ) min( , )Fd x y d x y     

 (( , ), ( , )) ( , ),min( , )Fd x y d y x     

(( , ),( , )) (( , ),( , ))F Fd x y d y x     

Triangular inequality: For any ( , ), ( , ), ( , ) ( )Fx y z P X    , we have 

 (( , ), ( , )) ( , ),min( , )Fd x z d x z     

 (( , ), ( , )) ( , ) ( , )),min( , , )Fd x z d x y y z      

     ( , ),min( , )} { ( , )),min( , )d x y d y z      

    (( , ),( , )) (( , ),( , ))F Fd x y d y z      

3.3 DEFINITION: Suppose X is a non-empty set and : ( ). ( ) ( )F F F Fd P X P X S R , is a mapping. Then 

( ( ), )F FP X d ,is said to be a strong fuzzy metric space, if it satisfies the first two condition in definition 3.2, 

and for any ( , ), ( , ), ( , )x y z   ,in ( )FP X  one has 

(iii)‟  (( , ),( , ))Fd x z     (( , ),( , )) (( , ),( , ))F Fd x y d y z     

It is obvious from definition (3.2) and (3.3) that every strong fuzzy metric space is a fuzzy metric space. The 

following example shows the existence of strong fuzzy metric spaces and the difference between these two 

kinds of spaces. 

EXAMPLE 2: Let L is a fuzzy linear space defined in
nR . The distance between arbitrary two fuzzy points 

( , )x  and ( , )y  on L is defined by  

 (( , ), ( , )) ( , ),min( , )FE Ed x y d x y     ......................................(i) 

Where Ed is the Euclidean distance. Then ( , )FEL d is a strong fuzzy metric space where L denotes the set of 

fuzzy points on the fuzzy set L. 

Proof : The first two condition can be proved just as example.1. Here we only prove the third one. Given 

arbitrary three fuzzy points on L, ( , ), ( , )x y  and ( , )z  .Since ( , )n

ER d is a metric space. 

( , ) ( , ) ( , )E E Ed x z d x y d y z  ............................................................(ii) 
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In the case of that inequality (ii) holds strictly, it is obvious from the definition 3.1(a) that the condition (iii)‟ is  

satisfied. In the other case, there must exists some F such that  1y x z    . Let 

 min ,   . We have that  ,x z L . Since L is a fuzzy linear space. L is a linear subspace of 
nR ( 

see the representation theorem of fuzzy linear space due to Lowen (1980) [13]). It follows that y L i.e 

 ( ) min ,L y      . This implies that    min , , min ,     .Thus one has 

  (( , ), ( , )) ( , ),min ,FE Ed x z d x z     

      ( ( , ) ( , ),min , , )E Ed x y d y z      

     (( , ),( , ) (( , ),( , ))FE FEd x y d y z      

Consequently, condition (iii)‟ is satisfied. 

Note that the strong fuzzy metric space given above is a set of fuzzy points on the same fuzzy linear space. 

Different from it, the fuzzy metric space in example 2 comprises fuzzy points belonging to a fuzzy linear space. 

The difference is caused by that „ ‟is replaced by the partial order „ ‟which is must stronger than it. 

 

IV. The Completeness of Fuzzy Metric Spaces 

DEFINITION 4.1: let be ( , )n na   a sequence of fuzzy scalars. It is said to be convergent to a fuzzy scalars 

( , ), 0a    denoted by, lim( , ) ( , )n n
n

a a 


  if  lim , | ,n i
n

a a i i N 


     is a finite set and there 

exists a subsequence of  i ,denoted by  l such that lim l
n

 


  

DEFINITION 4.2: Suppose ( ( ), )F FP X d  is the induced fuzzy metric space of ( , )X d  and  ( , )n nx  is a 

sequence of fuzzy points in ( ( ), )F FP X d .  ( , )n nx  is said to be convergent to a fuzzy points ( , )x  , if

lim (( , ), ( , )) 0F n n
n

d x x  


  and for any (0,1]   such that lim (( , ), ( , )) 0F n n
n

d x x  


   one has 

  , ( , )x  is called the limit of the sequence denoted by. lim( , ) ( , )n n
n

x x 


  

PROPOSITION 4.1: Suppose  ( , )n nx  is a sequence of fuzzy points in ( ( ), )F FP X d  and ( , )x  

( ( ), )F FP X d , 0  .We have that lim( , ) ( , )n n
n

x x 


  if and only if, lim n
n

x x


  | ,ii i N   is a 

finite set and there exists a subsequence  i ,denoted by  l such that  lim .l
n

 


  

PROOF: It is obvious. 

DEFINITION 4.3: A sequence of fuzzy points ( , )n nx  ( ( ), )F FP X d is said to be a Cauchy sequence if 

there exists some (0,1]  such that lim (( , ), ( , ) 0F m n m n n n
n

d x x   


 , for all m N . 

Note that every Cauchy sequence of fuzzy points defined above has a unique fuzzy point as its limit, which is 

very similar to classic one. 

DEFINITION 4.4: An induced fuzzy metric space is said to be complete if any Cauchy sequence in it has a 

unique limit in the space. 

THEOREM 4.2: Suppose ( ( ), )F FP X d  is the induced fuzzy metric space of an ordinary metric space ( , )X d

. Then it is complete iff  ( , )X d  is complete. 

PROOF : Necessary condition – It is obvious. 

Sufficient condition: Suppose  ( , )n nx  is an arbitrary Cauchy sequence of  ( ),F FP X d . Since  ,X d is 

complete and,  lim , 0m n n
n

d x x


  for any m N   denote the index set 

  | min , , 1,2,....l m n nl n    by mL .  From the definition of Cauchy sequences of fuzzy points, there 

exists some (0,1]  such that for any m N , the set  | ,l ml l L   is finite and there exists a 
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subsequence of  
m

l l L



,denoted by  k  which is also a subsequence of  n ,such that. lim k

k
 


  It is 

obvious that     | , | , 1,2,.....l m nl l L n n        . 

Consequently, | , 1, 2,.....nn n   , is also a finite set. From the above arguments, we have

 lim , ( , ).n n
n

x x 


   It implies that there exists a limit of  ,n nx  in ( )FP X . In the following, we prove 

the uniqueness, by contradiction, assume that there is another limit of the same Cauchy sequence   ,n nx  . 

Since we know that „ x ‟ is unique limit of nx  , we can denote by  ,x  the limit different from  ,x  , 

  , say   .Then we have  | nn   is a finite set. From the above arguments, we know that, 

lim k
k

 


  and  | kk   is finite set . Thus taking 
2

 



  we have      , |k nn      

, is an infinite set. This contradicts that  | nn   is finite set. Therefore there is only one limit of Cauchy 

sequence. 

Note that the strong fuzzy linear metric space is generally not complete. It can be seen through the example 

given below. 

EXAMPLE 3: Consider the strong fuzzy linear metric space  , FEL d ,where 

                                   , | . 1
1

0
2

0,\L x x R  
 

   
 

  

And 
FEd is induced by the ordinary Euclidean metric

Ed .The sequence 
1 1

,
2n

  
  
  

in L is a Cauchy sequence 

in the sense of definition 4.3. However, the limit of the sequence, (0,1/2) is not on the space L. 

  

V.  Main Results 

Definition 5.1: Let ( ( ), )F FP X d  is the induced fuzzy metric space of ( , )X d . If  is a mapping from 

( )FP X into ( )FP X ,and let  1c  be a number such that 

 ( ( , ), ( , )) ( , ),min( , )d x y c d x y       

For all  ( , ), ( , ) ( )Fx y P X   , then  is said to be a contraction of ( )FP X into ( )FP X . 

THEOREM 5.1: If ( ( ), )F FP X d  is the induced fuzzy metric space of complete metric space ( , )X d and if 

 is a contraction of ( )FP X into ( )FP X , then there exists one and only one ( , )x  of ( )FP X such that

( , ) ( , )x x   . 

PROOF : Let 0 0( , ) ( )Fx P X  , be arbitrary and define   ,n nx  be a sequence of fuzzy scalars by setting 

    1 1, ,n n n nx x     ,            0,1,2...........n   

Choose 1c  , so that 

         , , , , ,min ,Fd x y c d x y      , holds for 1n  , then we have 

         1 1 1 1, , , , , ,F n n n n F n n n nd x y d x y          

         1 1 1 1, , , , ,min ,F n n n n n n n nd x y c d x y        

By induction we have, 

         1 1 1 0 1 0, , , , min ,n

F n n n nd x y c d x y      ,     0,1,2,..........n   

Since  ( , )F FP X d , is induced fuzzy metric space of complete metric  ,X d ,hence by theorem (4.2), the

 ( ),F FP X d  is complete fuzzy metric space. Therefore the sequence   ,n nx  of fuzzy points in 
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  ,F FP X d , is said to be convergent to fuzzy point  ,x  if      lim , , , 0n n
n

x x  


 , and for any 

(0,1]   such that     , , , 0F n nd x x    ,one has   ,  ,x  is called the limit of the sequence 

denoted by     lim , ,n n
n

x x 


 , If n m ,it follow that 

         1 1

1

, , , , , ,
m

F n n m m F i i i i

i n

d x y d x y      

 

   

           1 1

1 0 1 0, , , ...... , ,min ,n n m

F n n m md x y c c c d x y         

Since   ,n nx  ,is a Cauchy sequence in   ,F FP X d , and it is complete, hence 

    lim , ,n n
n

x x 


 , for some     , Fx P X   

Since  is contraction and it is continuous in  FP X , i.e  

         1 1, lim , lim , ,n n n n
n n

x x x x      
 

    

Hence the theorem. 
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