
IOSR Journal of Mathematics (IOSR-JM) 

e-ISSN: 2278-5728, p-ISSN: 2319-765X. Volume 15, Issue 2 Ser. II (Mar – Apr 2019), PP 19-23 

www.iosrjournals.org 

 

DOI: 10.9790/5728-1502021923                                    www.iosrjournals.org                                          19 | Page 

Convergence of derivatives for certain mixed Baskakov-Szasz 

operators 
 

*
Sangeeta Garg 

Department of Mathematics; Mewar University, Chittorgarh (Rajasthan); India. 

 

Abstract:In this paper we discuss about the mixed summation-integral type operators having Baskakov basis 

functionin summation and Szasz-Mirakyan basis function in integration. We have central moments and some 

other basic results for these operators, and obtain the rate of point-wise convergence, a Voronovskaya type 

asymptotic formula and error estimate in simultaneous approximation. 

Keywords:Baskakov operators; Szasz Mirakyan operators; Simultaneous approximation; Asymptotic formula; 

Error estimate;.Rate of convergence; 

----------------------------------------------------------------------------------------------------------------------------- ---------- 

Date of Submission: 27-03-2019                                                                            Date of acceptance: 12-04-2019 

---------------------------------------------------------------------------------------------------------------------------------------------------  

 

I. Introduction 
In the year 2003, Srivastava-Gupta [5] proposed a family of summation-integral typeoperatorsincluding 

some well-known operators [4] as special cases. Some other operators have been proposed in[1],[2] and[3].  

For𝐶𝛾 0,∞ =  𝑓 ∈ 𝐶: 𝑓 𝑡 ≤ 𝑀 1 + 𝑡 𝛾 , 𝑀 > 0, 𝛾 > 0  , a new mixed type sequenceof operators is 

defined here as 

𝑃𝑛 𝑓, 𝑥 =  𝑊𝑛(𝑥, 𝑡)𝑓(𝑡)𝑑𝑡
∞

0

, 

where 

𝑊𝑛 𝑥, 𝑡 = 𝑛 𝑝𝑛 ,𝑣 𝑥 𝑞𝑛 ,𝑣 𝑡 

∞

𝑣=0

. 

𝑝𝑛 ,𝑣 𝑥 =
 𝑛 + 𝑣 − 1 !

𝑣!  𝑛 − 1 !

𝑥𝑣

 1 + 𝑥 𝑛+𝑣
,                𝑞𝑛 ,𝑣(𝑡) = 𝑒−𝑛𝑡

 𝑛𝑡 𝑣

𝑣!
 

are Baskakov and Szasz basis functions respectively. Hencethe operators defined in this paper are 

𝑃𝑛 𝑓, 𝑥 = 𝑛 𝑝𝑛 ,𝑣 𝑥 

∞

𝑣=0

 𝑞𝑛 ,𝑣(𝑡)𝑓(𝑡)𝑑𝑡
∞

0

.                      …… . . (1.1) 

 It can easily be verified that these operators havingcombination of Baskakov basis function and Szasz 

basis function, are the linear positive operators. In the present paper we estimate some direct results for the 

operators 𝑃𝑛 such as a point-wise rate of convergence, asymptotic formula and an error estimate in simultaneous 

approximation. 

 

II. Auxiliary Results  
We need the following lemmas to get appropriate results. 

Lemma 1:For 𝑚 ∈ 𝑊 ≔ 𝑤ℎ𝑜𝑙𝑒𝑛𝑢𝑚𝑏𝑒𝑟𝑠, if the 𝑚𝑡ℎorder moment is defined by 

𝑈𝑛 ,𝑚  𝑥 =  𝑝𝑛 ,𝑣  
𝑣

𝑛
− 𝑥 

𝑚
∞

𝑣=0

 

Then 𝑈𝑛 ,0 𝑥 = 1; 𝑈𝑛 ,1 𝑥 = 0; and 𝑈𝑛 ,𝑚  𝑥 = 𝑥 1 + 𝑥  𝑈𝑛 ,𝑚
′  𝑥 + 𝑚𝑈𝑛 ,𝑚−1 𝑥  . 

  Consequently,               

𝑈𝑛 ,𝑚  𝑥 = 𝑂  𝑛− 
𝑚+1

2
  . 

 

Lemma 2:The central moment 𝑇𝑛 ,𝑚  𝑥 , 𝑚 ∈ 𝑊 is defined by 

𝑇𝑛 ,𝑚  𝑥 = 𝑛 𝑝𝑛 ,𝑣(𝑥) 𝑞𝑛 ,𝑣 𝑡 

∞

0

 𝑡 − 𝑥 𝑚𝑑𝑡

∞

𝑣=0

. 

Taking 𝑚 = 0,1,2  we have 
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𝑇𝑛 ,0 𝑥 = 1,           𝑇𝑛 ,𝑚  𝑥 =
1

𝑛
;              𝑇𝑛 ,2 𝑥 =

𝑛𝑥2 + 2𝑛𝑥 + 2

𝑛2
. 

and also we have the recurrence relation 

𝑛𝑇𝑛 ,𝑚+1 𝑥 = 𝑥 1 + 𝑥  𝑇𝑛 ,𝑚
′  𝑥 + 𝑚𝑇𝑛 ,𝑚−1 𝑥  +  𝑚 + 1 𝑇𝑛 ,𝑚  𝑥 + 𝑚𝑥𝑇𝑛 ,𝑚−1 𝑥 . 

 Consequently from this relation  𝑇𝑛 ,𝑚  𝑥 = 𝑂  𝑛− 
𝑚+1

2
   for all 𝑥 ∈  0, ∞ . 

Lemma 3: For our operators (1.1), we can easily find the identity given as below 

𝑃𝑛 𝑡
𝑖 , 𝑥 = 𝑛−𝑖

 𝑛 + 𝑖 − 1 !  2𝑖!

 𝑛 − 1 !  𝑖! 2
𝑥𝑖 + 𝑛−𝑖−1

 𝑛 + 𝑖 − 1 !   2𝑖 − 1 !

 𝑛 − 1 !   𝑖 − 1 ! 
2 𝑥𝑖−1 + 𝑂 𝑛−2 . 

Lemma 4:There exists polynomial  𝑄𝑖 ,𝑗 ,𝑟(𝑥) which is independent of 𝑛and 𝑣, such that 

𝑥𝑟(1 + 𝑥)𝑟𝐷𝑟  𝑝𝑛 ,𝑣(𝑥) =  𝑛𝑖 𝑣 − 𝑛𝑥 𝑗𝑄𝑖 ,𝑗 ,𝑟(𝑥)𝑝𝑛 ,𝑣(𝑥)
2𝑖+𝑗≤𝑟 ,
𝑖 ,𝑗≥0

,          𝐷 ≡
𝑑

𝑑𝑥
 

 

III. Direct Results 
In this section we prove direct results related to operators(1.1). 

3.1 Simultaneous Approximation 

Theorem:If 𝑓 ∈ 𝐶𝛾 0, ∞ , 𝛾 > 0 and 𝑓 𝑟  exists at a point 𝑥 ∈  0, ∞ , then 

lim
𝑛→∞

𝑃𝑛
 𝑟  𝑓 𝑡 , 𝑥 = 𝑓 𝑟  𝑥 . 

Proof:By Taylor’s expansion of𝑓, we have 

𝑓 𝑡 =  
𝑓 𝑖 (𝑥)

𝑖!

𝑟

𝑖=0

 𝑡 − 𝑥 𝑖 + 𝜖 𝑡, 𝑥  𝑡 − 𝑥 𝑟 , 

where 𝜖 𝑡, 𝑥 → 0 as 𝑡 → 𝑥.Therefore 

𝑃𝑛
 𝑟  𝑓 𝑡 , 𝑥 =  

𝑓 𝑖  𝑥 

𝑖!

𝑟

𝑖=0

 𝑊𝑛
 𝑟  𝑡, 𝑥 

∞

0

 𝑡 − 𝑥 𝑖𝑑𝑡 +  𝑊𝑛
 𝑟  𝑡, 𝑥 𝜖 𝑡, 𝑥 

∞

0

 𝑡 − 𝑥 𝑟𝑑𝑡 

                           :=𝐸1 + 𝐸2 . 
To estimate E1, we use binomial expansion and Lemma 2 as 

𝐸1 =  
𝑓 𝑖  𝑥 

𝑖!

𝑟

𝑖=0

  
𝑖
𝑣
  −𝑥 𝑖−𝑣

𝑖

𝑣=0

 𝑊𝑛
 𝑟  𝑡, 𝑥 

∞

0

𝑡𝑣𝑑𝑡 

=
𝑓 𝑟  𝑥 

𝑟!
 𝑊𝑛

 𝑟  𝑡, 𝑥 

∞

0

𝑡𝑟𝑑𝑡 

= 𝑓 𝑟  𝑥 + 𝑜 1 ,                                     (𝑛 → ∞) 

Next, using Lemma 4, we obtain 

 𝐸2 ≤  𝑛𝑖+1
 𝑄𝑖 ,𝑗 ,𝑟(𝑥) 

𝑥𝑟
2𝑖+𝑗≤𝑟 ,
𝑖 ,𝑗≥0

  𝑣 − 𝑛𝑥 𝑗
∞

𝑣=0

𝑝𝑛 ,𝑣(𝑥) 𝑞𝑛 ,𝑣(𝑡) 𝜖 𝑡, 𝑥  

∞

0

 𝑡 − 𝑥 𝑟𝑑𝑡 

Since 𝜖 𝑡, 𝑥 → 0 as𝑡 → 𝑥 for given𝜖 > 0, there exists a 𝛿 > 0 such that  𝜖 𝑡, 𝑥  < 𝜖for 0 <  𝑡 − 𝑥 < 𝛿. 
Further if 𝜇 ≥ max 𝛾, 𝑟 ; 𝜇 ∈ 𝑍  then we can find a constant𝐾  such that  𝜖 𝑡, 𝑥   𝑡 − 𝑥 𝑟 < 𝐾 𝑡 − 𝑥 𝜇 for 

 𝑡 − 𝑥 ≥ 𝛿.Thus with𝑀 = max2𝑖+𝑗≤𝑟

 𝑄𝑖 ,𝑗 ,𝑟(𝑥) 

𝑥𝑟
, we have 

 𝐸2 ≤ 𝑀  𝑛𝑖+1

2𝑖+𝑗≤𝑟 ,
𝑖 ,𝑗≥0

  𝑣 − 𝑛𝑥 𝑗
∞

𝑣=0

𝑝𝑛 ,𝑣 𝑥  𝑞𝑛 ,𝑣 𝑡 𝜖

∞

0

 𝑡 − 𝑥 𝑟𝑑𝑡 

≤ 𝑀  𝑛𝑖+1

2𝑖+𝑗≤𝑟 ,
𝑖 ,𝑗≥0

  𝑣 − 𝑛𝑥 𝑗
∞

𝑣=0

𝑝𝑛 ,𝑣 𝑥  𝑞𝑛 ,𝑣 𝑡 𝜖

∞

0

 𝑡 − 𝑥 𝑟𝑑𝑡 

≤ 𝑀  𝑛𝑖+1

2𝑖+𝑗≤𝑟 ,
𝑖 ,𝑗≥0

  𝑣 − 𝑛𝑥 𝑗
∞

𝑣=0

𝑝𝑛 ,𝑣 𝑥  𝜖  𝑞𝑛 ,𝑣 𝑡 

 𝑡−𝑥 <𝛿

 𝑡 − 𝑥 𝑟𝑑𝑡 +  𝑞𝑛 ,𝑣 𝑡 𝐾

 𝑡−𝑥 ≥𝛿

 𝑡 − 𝑥 𝜇𝑑𝑡  

 

         ∶=  𝐸3 + 𝐸4 . 
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For 𝐸3, we apply Schwaz inequality for integration and summation and then use lemmas1 and 2 as 

 𝐸3 ≤ 𝜖𝑀  𝑛𝑖+1

2𝑖+𝑗≤𝑟 ,
𝑖 ,𝑗≥0

   𝑣 − 𝑛𝑥 2𝑗
∞

𝑣=0

𝑝𝑛 ,𝑣 𝑥  

1/2

  𝑞𝑛 ,𝑣 𝑡 

∞

0

 

1

2

  𝑞𝑛 ,𝑣 𝑡 

∞

0

 𝑡 − 𝑥 2𝑟𝑑𝑡 

1

2

 

≤ 𝜖𝑀  𝑛𝑖+1

2𝑖+𝑗≤𝑟 ,
𝑖 ,𝑗≥0

𝑂  𝑛
𝑗

2 .
1

𝑛
.𝑂  𝑛−

𝑟

2  

          = 𝜖. 𝑜 1 . 
For 𝐸4, also applying Schwaz inequality, lemmas 1 and 2, and taking 𝐶 = 𝑀𝐾 we get 

          𝐸4 ≤ 𝐶  𝑛𝑖+1

2𝑖+𝑗≤𝑟 ,
𝑖 ,𝑗≥0

   𝑣 − 𝑛𝑥 2𝑗
∞

𝑣=0

𝑝𝑛 ,𝑣 𝑥  

1

2

  𝑝𝑛 ,𝑣 𝑥 

∞

𝑣=0

 𝑞𝑛 ,𝑣 𝑡 𝜖

∞

0

 𝑡 − 𝑥 2𝜇𝑑𝑡 

1

2

 

≤ 𝜖𝑀  𝑛𝑖+1

2𝑖+𝑗≤𝑟 ,
𝑖 ,𝑗≥0

𝑂  𝑛
𝑗

2 𝑂  𝑛−
𝜇

2
−1  

≤ 𝑂  𝑛
𝑟−𝜇

2  = 𝑜 1 .   

Thus for arbitrary small 𝜖 > 0, it follows that 𝐸2 = 𝑜 1 .Hence collecting estimates of 𝐸1and𝐸2 , we get the 

objective. 

 

3.2 Asymptotic Relation Formula 

 

Theorem: If 𝑓 ∈ 𝐶𝛾  0, ∞ , 𝛾 > 0and𝑓 𝑟+2  exists at a point 𝑥 ∈  0, ∞ , then  

lim
𝑛→∞

𝑛 𝑃𝑛
 𝑟  𝑓 𝑡 , 𝑥 − 𝑓 𝑟  𝑥  =

 2𝑟 ! −  𝑟! 2

 𝑟! 2
𝑓 𝑟  𝑥 +

 3𝑟2 + 4𝑟 + 1  2𝑟 !

  𝑟 + 1 ! 2
𝑥𝑓 𝑟+1  𝑥  

3 3𝑟4 + 14𝑟3 + 23𝑟2 + 16𝑟 + 4  2𝑟 !

2  𝑟 + 2 ! 2
𝑥2𝑓 𝑟+2  𝑥  

Proof:From Taylor expansion theorem of function 

𝑓 𝑡 =  
𝑓 𝑖 (𝑥)

𝑖!

𝑟+2

𝑖=0

 𝑡 − 𝑥 𝑖 + 𝜖 𝑡, 𝑥  𝑡 − 𝑥 𝑟+2 , 

where𝜖 𝑡, 𝑥 → 0 as 𝑡 → 𝑥. Therefore applying Lemma 2 

lim
𝑛→∞

 𝑛𝑃𝑛
 𝑟  𝑓 𝑡 , 𝑥 − 𝑓 𝑟  𝑥  =  𝑛 

𝑓 𝑖  𝑥 

𝑖!

𝑟+2

𝑖=0

 𝑊𝑛
 𝑟  𝑡, 𝑥 

∞

0

 𝑡 − 𝑥 𝑖𝑑𝑡 − 𝑓 𝑟  𝑥   

                      +𝑛 𝑊𝑛
 𝑟  𝑡, 𝑥 

∞

0

𝜖 𝑡, 𝑥  𝑡 − 𝑥 𝑟+2,𝑑𝑡 

                                                           ∶= 𝐽1 + 𝐽2. 
From here 

𝐽1 = 𝑛 
𝑓 𝑖  𝑥 

𝑖!

𝑟+2

𝑖=0

  
𝑖
𝑗
  −𝑥 𝑖−𝑗

𝑖

𝑗=0

 𝑊𝑛
 𝑟  𝑡, 𝑥 

∞

0

𝑡𝑗𝑑𝑡 − 𝑓 𝑟  𝑥  

     =
𝑓 𝑟  𝑥 

𝑟!
 𝑛𝑃𝑛

 𝑟  𝑡𝑟 , 𝑥 − 𝑟! +
𝑓 𝑟+1  𝑥 

 𝑟 + 1 !
𝑛  𝑟 + 1  −𝑥 𝑃𝑛

 𝑟  𝑡𝑟 , 𝑥 + 𝑃𝑛
 𝑟  𝑡𝑟+1, 𝑥   

        +
𝑓 𝑟+2  𝑥 

 𝑟 + 2 !
𝑛  

 𝑟 + 1  𝑟 + 2 

2
𝑥2𝑃𝑛

 𝑟  𝑡𝑟 , 𝑥 +  𝑟 + 2  −𝑥 𝑃𝑛
 𝑟  𝑡𝑟+1, 𝑥 + 𝑃𝑛

 𝑟  𝑡𝑟+2 , 𝑥  . 

Using Theorem 3, for each 𝑥 ∈  0, ∞ , we get 

𝐽1 =
𝑓 𝑟  𝑥 

𝑟!
𝑟!  𝑛

𝑛−𝑟 𝑛 + 𝑟 − 1 !  2𝑟 !

 𝑛 − 1 !  𝑟! 2
− 1 +

𝑛𝑓 𝑟+1  𝑥 

 𝑟 + 1 !
× 

 
 
 
 
 

 𝑟 + 1  −𝑥 𝑟!  
𝑛−𝑟 𝑛 + 𝑟 − 1 !   2𝑟 !

 𝑛 − 1 !  𝑟! 2
 +

 
 
 

 
 𝑛

−𝑟−1 𝑛 + 𝑟 !   2𝑟 + 2 !

 𝑛 − 1 !   𝑟 + 1 ! 2
 𝑟 + 1 ! 𝑥 +

𝑛−𝑟−2 𝑛 + 𝑟 !  2𝑟 + 1 !

 𝑛 − 1 !  𝑟! 2
𝑟!
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+
𝑛𝑓 𝑟+2  𝑥 

 𝑟 + 2 !

 
 
 
 
 
 
 
 
 
 
 
 

 𝑟 + 1  𝑟 + 2 

2
𝑥2  

𝑛−𝑟 𝑛 + 𝑟 − 1 !  2𝑟 !

 𝑛 − 1 !  𝑟! 2
𝑟! 

+ 𝑟 + 2  −𝑥 

 
 
 

 
 𝑛

−𝑟−1 𝑛 + 𝑟 !   2𝑟 + 2 !

 𝑛 − 1 !   𝑟 + 1 ! 2
 𝑟 + 1 ! 𝑥 +

𝑛−𝑟−2 𝑛 + 𝑟 !  2𝑟 + 1 !

 𝑛 − 1 !  𝑟! 2
𝑟!

 
 
 

 
 

+

 
 
 

 
 𝑛−𝑟−2 𝑛 + 𝑟 + 1 !   2𝑟 + 4 !

 𝑛 − 1 !   𝑟 + 2 ! 2

 𝑟 + 2 !

2
𝑥2

+
𝑛−𝑟−3 𝑛 + 𝑟 + 1 !  2𝑟 + 3 !

 𝑛 − 1 !   𝑟 + 1 ! 2
 𝑟 + 1 ! 𝑥

 
 
 

 
 

+ 𝑂 𝑛−2 

 
 
 
 
 
 
 
 
 
 
 
 

. 

Taking limitsas𝑛 → ∞ , we get the coefficients of 𝑓 𝑟 , 𝑓 𝑟+1  and 𝑓 𝑟+2  as
 2𝑟 !− 𝑟! 2

 𝑟! 2 ,
 3𝑟2+4𝑟+1  2𝑟 !

  𝑟+1 ! 2
𝑥  and 

3 3𝑟4+14𝑟3+23𝑟2+16𝑟+4  2𝑟 !

2  𝑟+2 ! 2
𝑥2. In order to complete the theorem, it is sufficient to show that 𝐽2 → 0 as 𝑛 → ∞, 

which can be shown easily along with the proof of previous theorem. 

 

Remark: In particular if 𝑟 = 0, we conclude the following asymptotic formula in ordinary approximation-  

lim
𝑛→∞

 𝑛𝑃𝑛 𝑓 𝑡 , 𝑥 − 𝑓 𝑥  =
3

2
𝑥2𝑓 𝑟+2 . 

 

.3.3 Error Estimate in Simultaneous Approximation 

 

Theorem: If  𝑓 ∈ 𝐶𝛾  0, ∞ , 𝛾 > 0 and𝑟 ≤ 𝑚 ≤  𝑟 + 2 . If 𝑓 𝑚 exists and is continuous for sufficiently large 

𝑛on 𝑎 − 𝜂, 𝑏 + 𝜂 ,  

 𝑃𝑛
 𝑟  𝑓, 𝑥 − 𝑓 𝑟  𝑥  ≤ 𝐶1𝑛

−1   𝑓𝑖 

𝑚

𝑖=𝑟

+ 𝐶2𝑛
−1/2𝜔 𝑓 𝑟+1 ,𝑛−1/2 + 𝑂 𝑛−2 , 

 where the constants 𝐶1  and 𝐶2  are independent of 𝑓  and 𝑛 , 𝜔 𝑓, 𝛿  is the modulus of continuity of 𝑓  on 

 𝑎 − 𝜂, 𝑏 + 𝜂  and  .   denotes the sup-norm on [𝑎, 𝑏]. 
Proof: By Taylor’s expansion of 𝑓, we have 

𝑓 𝑡 =   𝑡 − 𝑥 𝑖
𝑓 𝑖  𝑥 

𝑖!

𝑚

𝑖=0

+  𝑡 − 𝑥 𝑚𝜒 𝑡 
𝑓 𝑚  𝜉 − 𝑓 𝑚  𝑥 

𝑚!
+ ℎ 𝑡, 𝑥  1 − 𝜒 𝑡  , 

where𝑥 < 𝜉 < 𝑡and 𝜒 𝑡 is the characteristics function on  𝑎 − 𝜂, 𝑏 + 𝜂 . For 𝑡 ∈  𝑎 − 𝜂, 𝑏 + 𝜂  and 𝑥 ∈  𝑎, 𝑏 , 
we have 

𝑓 𝑡 =   𝑡 − 𝑥 𝑖
𝑓 𝑖  𝑥 

𝑖!

𝑚

𝑖=0

+  𝑡 − 𝑥 𝑚
𝑓 𝑚  𝜉 − 𝑓 𝑚  𝑥 

𝑚!
𝜒 𝑡 . 

For 𝑡 ∈  0, ∞ \ 𝑎 − 𝜂, 𝑏 + 𝜂 , we define 

ℎ 𝑡, 𝑥 = 𝑓 𝑡 −  𝑡 − 𝑥 𝑖
𝑓 𝑖  𝑥 

𝑖!

𝑚

𝑖=0

. 

Thus 

𝑃𝑛
 𝑟  𝑓, 𝑥 − 𝑓 𝑟  𝑥 =   

𝑓 𝑖  𝑥 

𝑖!

𝑚

𝑖=0

 𝑊𝑛
 𝑟  𝑡, 𝑥 

∞

0

 𝑡 − 𝑥 𝑖𝑑𝑡 − 𝑓 𝑟  𝑥  +  𝑊𝑛
 𝑟  𝑡, 𝑥 

∞

0

× 

𝑓 𝑚  𝜉 − 𝑓 𝑚  𝑥 

𝑚!
 𝑡 − 𝑥 𝑚𝜒 𝑡 𝑑𝑡 +  𝑊𝑛

 𝑟  𝑡, 𝑥 

∞

0

ℎ 𝑡, 𝑥  1 − 𝜒 𝑡  𝑑𝑡 

                                       ∶= 𝐾1 + 𝐾2 + 𝐾3. 
 

Using Theorem 3, we find 

𝐾1 =  
𝑓 𝑖  𝑥 

𝑖!

𝑚

𝑖=0

  
𝑖
𝑗
  −𝑥 𝑖−𝑗

𝑖

𝑗=0

 𝑊𝑛
 𝑟  𝑡, 𝑥 

∞

0

𝑡𝑗𝑑𝑡 − 𝑓 𝑟  𝑥  
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      =  
𝑓 𝑖  𝑥 

𝑖!

𝑚

𝑖=0

  
𝑖
𝑗
  −𝑥 𝑖−𝑗

𝑖

𝑗=0

𝜕𝑟

𝜕𝑥𝑟

 
 
 

 
 𝑛−𝑟

 𝑛 + 𝑟 − 1 !  2𝑟!

 𝑛 − 1 !  𝑟! 2
𝑥𝑟 + 𝑛−𝑟−1

×
 𝑛 + 𝑟 − 1 !   2𝑟 − 1 !

 𝑛 − 1 !   𝑖 − 1 ! 
2 𝑥𝑟−1 + 𝑂 𝑛−2 

 
 
 

 
 

− 𝑓 𝑟  𝑥  

Therefore 

 𝐾1 ≤ 𝐶1𝑛
−1   𝑓𝑖 

𝑚

𝑖=𝑟

+ 𝑂 𝑛−2 , 

uniformly in 𝑥 ∈  𝑎,𝑏 . Next, using Lemma 4 and Schwaz inequality  

 𝐾2 ≤  𝑊𝑛
 𝑟  𝑡, 𝑥 

∞

0

 𝑓 𝑚  𝜉 − 𝑓 𝑚  𝑥  

𝑚!
 𝑡 − 𝑥 𝑚𝜒 𝑡 𝑑𝑡 

≤
𝜔 𝑓 𝑚 , 𝛿 

𝑚!
  𝑊𝑛

 𝑟  𝑡, 𝑥  

∞

0

 1 +
 𝑡 − 𝑥 

𝛿
  𝑡 − 𝑥 𝑚𝑑𝑡.  

≤
𝜔 𝑓 𝑚 , 𝛿 

𝑚!
𝐶2  𝑛𝑖+1

2𝑖+𝑗≤𝑟 ,
𝑖 ,𝑗≥0

   𝑣 − 𝑛𝑥 2𝑗
∞

𝑣=0

𝑝𝑛 ,𝑣 𝑥  

1

2

× 

   𝑞𝑛 ,𝑣 𝑡 𝑑𝑡

∞

0

 

1

2

  𝑞𝑛 ,𝑣 𝑡 

∞

0

 𝑡 − 𝑥 2𝑚𝑑𝑡 

1

2

+ 𝛿−1   𝑞𝑛 ,𝑣 𝑡 𝑑𝑡

∞

0

 

1

2

  𝑞𝑛 ,𝑣 𝑡 

∞

0

 𝑡 − 𝑥 2 𝑚+1 𝑑𝑡 

1

2

  

uniformly in 𝑥. Choosing𝛿 = 𝑛−1/2, we get 

 𝐾2 ≤ 𝐶2

𝜔 𝑓 𝑚 ,𝑛−1/2 

𝑚!
 𝑂  𝑛

𝑟−𝑚

2  + 𝑛1/2𝑂  𝑛
𝑟−𝑚−1

2   ≤ 𝐶2𝜔 𝑓
 𝑚 ,𝑛−1/2 𝑂  𝑛− 

𝑚−𝑟

2
  . 

        For 𝐾3 , applying Lemma 4 

 𝐾3 ≤  𝑛𝑖+1
 𝑄𝑖 ,𝑗 ,𝑟(𝑥) 

𝑥𝑟
2𝑖+𝑗≤𝑟 ,
𝑖 ,𝑗≥0

  𝑣 − 𝑛𝑥 𝑗
∞

𝑣=0

𝑝𝑛 ,𝑣(𝑥) 𝑞𝑛 ,𝑣(𝑡) ℎ 𝑡, 𝑥  

∞

0

 1 − 𝜒 𝑡  𝑑𝑡 

 

≤ 𝑀1  𝑛𝑖+1

2𝑖+𝑗≤𝑟 ,
𝑖 ,𝑗≥0

  𝑣 − 𝑛𝑥 𝑗
∞

𝑣=0

𝑝𝑛 ,𝑣 𝑥  𝑞𝑛 ,𝑣(𝑡) ℎ 𝑡, 𝑥  

 𝑡−𝑥 ≥𝛿

𝑑𝑡 

where𝑀1 = max2𝑖+𝑗≤𝑟 ,
𝑖 ,𝑗≥0

 𝑄𝑖 ,𝑗 ,𝑟(𝑥) 

𝑥𝑟
. 

Further we take an integer 𝜇 = 𝑚𝑎𝑥 𝛾,𝑚  so that there is a constant 𝑀2such that  ℎ 𝑡, 𝑥  ≤ 𝑀2 𝑡 − 𝑥 𝜇  for 
 𝑡 − 𝑥 ≥ 𝛿.Nowapplying Lemmas 1 and 2, we can easily verify that  𝐾3 = 𝑂 𝑛−𝑠 for any 𝑠 > 0 uniformly on 
 𝑎, 𝑏 . The estimates of 𝐾1 , 𝐾2and 𝐾3 together give the required result and hence the proof is completed.  

 

Note: Some readers can oppose the result in asymptotic formula for these operators, obtained by me. I request 

them for some improvement in this formula.  
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