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Abstract:AproofisgiventhatifAandBareoperatorsonacomplexHilbertspacethatcommutebyascalorfactorthenth

atscalorfactormustberealwhenevereitherAorBisselfadjoint. 
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CommutingOperators,normalandselfadjointoperatorsUniversityOfNairobi 

SchoolofMathematicsP.O.Box30197Nairobi,KenyaEmail:¡awafula@uonbi.ac.ke¿Introduc-tion 

LetHbeaninfinitedimensionalHilbertspaceandB(H)denotetheBanachAlgebraofboundedlinearoperatorsonH,t

henwesaythatAandBareλ-

CommutingOperatorsifAB=λBA,Commutatingoperatorshavehardextensiveapplicationinquantummechanical 

observationandanalysisofthespectra.InthisarticleweconsiderresultsobtainedbyPutnamandobtaincondi-tionsto 

beimposedonλsothatAB=λBA.WearriveatsimmilarconditionstothoseobtainedbyBrookwithoutspectralanalysis

oftheoperator.WeshowthatwhenoperatorscommutetoascalefactorthenthenumericalrangeW(AB)oftheproductis

realorpureimaginery 

AnoperatorissaidtobenormalifAA
∗

=A
∗

A,selfajointifA=A
∗

andanti-selfajointif 

A=−A
∗

, 

 

Theorem1.1(Putnam-Fuglede) 

IfTisanormaloperatorandTcommuteswithanyoperatorSthenT∗S= ST∗ 

Corollary1.2 

IfAandBarenormaloperatorssuchthatTA=BTthenTA∗=B∗TforalloperatorsTonH 

 

Proof 

Let   𝐴 =  
𝐴 0
0 𝐵

  

and 

 

  𝐿 =  
0 0
𝑇 0

 

 

thenNisnormalandfurthermoreLN=NL.Soby(i)LN∗=N∗L. -

HenceTA∗=B∗TApplyingFugledestheoremRehder(1982)madesomeremarkableobservationsontheproductof

selfadjointoperatorsasfollows. 

 

Theorem1.3 
LetAandBbeselfadjointoperatorsandeitherAorBispositive.ThenABisselfadjointifandonlyifABisnormal 

Proof 
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.ObviouslyifABisselfajointthenABisnormal.FortheconverseweNotethat 

 

𝐴(BA)=(AB)A 

 
andsoweinvokeFugledestheoremtoobtain 

 

𝐴(BA)
∗

=(AB)
∗Ai.e.A2B=BA2

. 

 

SupposethatAispositive(otherwiseinterchangesroleswithB)thenAisthesquarerootofA2
 

 

henceAcommuteswithBandso(AB)
∗

=BA=AB 

LetTbeaselfadjointoperatorthenT=ABwhereAispositiveandBunitary be thepolarde-

compositionofT.Theprevioustheoremgivesaconverseintheclassofnormaloperators.ThusifTisnormalandT=AB
whereAispositiveandBselfadjointthenTisselfadjoint. 

Corollary1.4 

 
Let𝑇 = 𝐴 +
𝑖𝐵bethecanonicalformofanoperatorwherebyAandBareselfadjoint.If𝐴𝐵isnormalandeitherAorBispositivethen

Tisnormal 

Proof 

 
Wehavethat 

 

T𝑇∗=(A+𝑖𝐵)(A−IB)=A2
+𝑖(BA−AB)+B2

=A2
+B2

. 

Ontheotherhand 

 

T∗T=(A−𝑖𝐵)(𝐴 + 𝑖𝐵)=A2
+i(AB−BA)+B2

=A2
+B2

=𝑇𝑇∗ 
Corollary1.5 

 
LetAandBbeSelfadjoint,andeitherAorBbepositive.If𝐴𝐵 − 𝐵𝐴 ≠ 0thenAlso𝐴𝐵 + 𝐵𝐴 ≠ 0 

. 

Proof 

 

IfAB+BA=0then(AB)(AB)
∗

=(AB)(BA)=−(AB)
2

.Simmilarly(AB)
∗

(AB)=(BA)(AB)=−(AB)
2

. 

ConsequentlyABisnormalandbytheorem1.5.7ABisselfadjointi.eAB−AB=0. 

λ-commutingoperators 

 
WeconsideroperatorsthatcommuteuptoscalarmultiplesandmakesomeapplicationofthePutnamFugledeproperty

toobtainthefollowing 

Theorem2.1 

 
LetA,BbeboundedoperatorsonaHilbertspaceHsuchthat𝐴𝐵 = 𝜆𝐵𝐴and𝐴𝐵 ≠ 0where 

 

λisacomplexnumber.Then 

 

(i) IfAorBisSelfadjointwemusthavethatλisarealnumber(ii)IfAandBareSelfadjointthenλ∈{1,−1} 

(iii) IfAandBareselfadjointandeitherAorBispositivethenλ=1. 

 

Proof 

 
(i) 𝐴𝐵 = 𝜆𝐵𝐴ifandonlyif 
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B∗A∗=λ̄A∗B∗. 

ButifsayA=A∗then 

𝐵
∗
𝐴 = 𝜆¯𝐴𝐵∗. 

 

BuyPutnamFuegledetheorem𝐵
∗
𝐴

∗
= 𝜆𝐴

∗
𝐵

∗
.Hencewehavethat 

λ
¯𝐴

∗
𝐵

∗
= 𝜆𝐴

∗
𝐵

∗
 

Consequentlywehavethat(𝜆¯ − 𝜆)𝐴
∗
𝐵

∗
= 0Since𝐴𝐵 ≠ 0weobtaintheresult(λ̄−λ)=0.So 

λ̄=λ 

 

(ii) IfA=A∗,B=B∗then𝐴𝐵 = 𝜆𝐵𝐴andso(AB)
∗

= 

λ̄A∗B∗.HenceBA= 

λ̄AB= 

 

λ̄λBA=|λ|2BA.Consequently(1−|λ|2)BA=0.Sofrom(i)λ=±1. 

(iii) LetAB=−BAthenConsiderthecommutatorofAandBnamely𝐴𝐵 − 𝐵𝐴 = 𝐴𝐵 + 𝐴𝐵 = 2𝐴𝐵 ≠
0.Howeverthisleadstotheanticommutaorbeingnonzero.i.e𝐴𝐵 + 𝐵𝐴 ≠ 0 

.Thisisacontradictionhencewemust havethatλ=1 

AnoperatorAiscalledanti-selfadjointifA+A∗=0 

 

Remark:IfAisananti-selfadjointoperatorthenAisnormaloperator.Toseethisnotethat 

 

AA∗=−A2
=A∗A 

Theorem2.2 

 
IfanoperatorTisanti-selfadjointthenW(T)isapureimaginary. 

 

Proof 

Notethatλ∈W(T)⇔λ=(Tx,x)=(x,T∗x)=−(x,Tx)=−λ̄.Thusλ+λ̄=0andhenceλ 
isapureimaginarynumber. 

 

Theorem2.3 

Let𝐴𝐵 = 𝜆𝐵𝐴, 𝐴𝐵 ≠ 0andBbeanormaloperator.IfAisanti-selfadjointthenλisareal 

number 

 

Proof 
If𝐴𝐵 = 𝜆𝐵𝐴thenwetaketheadjointonbothsidestofind𝐵

∗
𝐴

∗
= 𝜆¯𝐴

∗
𝐵

∗
.Henceapplying 

 

thePutnam-Fuegledetheoremwehavethat 

 

B∗A=λAB∗⇔−B∗A∗=−λA∗B∗⇔(AB)
∗

=λA∗B∗⇔(λBA)
∗

=λA∗B∗⇔ 

λA∗B∗⇔(λ̄−λ)A∗B∗=0.Henceλ̄=λ 

Corollary2.4 
 

λ̄A∗B∗= 

 

IfAandBareanti-selfadjointoperatorsuchthat𝐴𝐵 = 𝜆𝐵𝐴𝑎𝑛𝑑𝐴𝐵 ≠ 0thenλ∈{1,−1} 
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Proof 

SinceAisnormalwehavethatλisarealnumber.Furthermore,fromAB=λBAweobtain 

 

𝐵
∗
𝐴

∗
= 𝜆𝐴

∗
𝐵

∗
⇔ 𝐵𝐴 = 𝜆𝐴𝐵 = 𝜆2𝐵𝐴 ⇔ (1 − (𝜆)2)𝐵𝐴 = 0.Since𝐴𝐵 ≠ 0weobtainλ=±1 

Corollary2.5 

 

IfAandBareanti-selfadjointoperatorsuchthatAB=λBAand𝐴𝐵 ≠
0theneitherW(AB)isarealorpureimagineryset. 

 

Proof 

Ifλ=1thenABisselfadjointandsoW(AB)isreal.Ifλ=−1thenABisanti-selfadjointandsoW(AB) 

ispureimaginery. 
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