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I. Introduction 
The Cayley graph 𝐺 𝑋, 𝑆  associated with the group  𝑋, .   and its symmetric subset 𝑆 (a subset  𝑆 of 

the group  𝑋, .   is called a symmetric subset 𝑠−1 ∈ 𝑆 for every 𝑠 ∈ 𝑆) is introduced to study  whether given a 

group  𝑋, .  , there is a graph Γ,  whose automorphism group is isomorphic to the group  𝑋, .   [10].Later 

independent studies on Cayley graphs have been carried out by many researches  5,6 .  The Cayley graph 

𝐺 𝑋, 𝑆  associated with the group  𝑋, .   and its symmetric subset 𝑆 is the graph, whose vertex set is 𝑋 and the 

edge set𝐸 =   𝑥, 𝑦 : either 𝑥𝑦−1 ∈ 𝑆, or, 𝑦𝑥−1 ∈ 𝑆 . If 𝑒 ∉ 𝑆, where 𝑒 is the identity element of 𝑋, then 𝐺 𝑋, 𝑆  

is an undirected simple graph. Further 𝐺 𝑋, 𝑆  is  𝑆 − regular and  contains 
 𝑋  𝑆 

2
 edges [12]. Madhavi  12  

introduced Cayley graphs associated with the arithmetical functions, namely, the Euler totient function φ 𝑛 , 
the quadratic residues modulo a prime 𝑝 and the divisor function 𝑑 𝑛 , 𝑛 ≥ 1, an integer and obtained various 

properties of these graphs.  

Recent studies on the zero-divisor graphs of commutative rings are carried out by Beck  4 , Anderson 

and Naseer  2 , Livingston[11], Anderson and Livingston  1 , Smith  13 ,  Tongsuo  14 and others. Given a 

commutative ring 𝑅  with unity, they define the zero-divisor graph Γ 𝑅  is the graph, whose vertex set is the 

ring 𝑍 𝑅 ∗, the set of nonzero divisors of 𝑅 and the edge set is the set of order pairs  𝑥, 𝑦  of elements𝑥, 𝑦 ∈
𝑍 𝑅 ∗,  such that 𝑥𝑦 = 0 and studied the connectedness, the diameter, the girth,  the automorphism Γ 𝑅  and 

other properties under conditions on the ring 𝑅. Our study differs from their study basically that the zero-divisor 

graph we consider is the Cayley graph associated with the set of  zero-divisors of the  ring  𝑍𝑛 , ⊕,   ⊙  of 

residue classes modulo 𝑛 ≥ 1, an integer. The terminology and notations that are used in this paper can be found 

in [7] for graph theory, [9] for algebra and [3] for number theory. 

  

II. The Zero-Divisor Cayley Graph And Its Properties 
Consider the ring 𝑍𝑛 , ⨁,⊙ of integers modulo 𝑛, 𝑛 ≥ 1, an integer, which is a commutative ring with 

unity. In [8], it is established that the set 𝐷0 of nonzero zero-divisors in the ring  𝑍𝑛 , ⨁,⊙  is a symmetric 

subset of the group  𝑍𝑛 , ⨁  and the zero-divisor  Cayley graph 𝐺 𝑍𝑛 , 𝐷0  is the graph, whose vertex set is 𝑍𝑛  

and the edge set is the set of ordered pairs  𝑢, 𝑣 such that 𝑢, 𝑣 ∈ 𝑍𝑛  and either 𝑢 − 𝑣 ∈ 𝐷0 or 𝑣 − 𝑢 ∈ 𝐷0 .This 

graph is 𝑛 − 𝜑 𝑛 − 1 −regular  and its size is
𝑛

2
 𝑛 − 𝜑 𝑛 − 1 . 

The graphs  𝐺 𝑍7, 𝐷0 , 𝐺 𝑍8 , 𝐷0  and 𝐺 𝑍10 , 𝐷0  are given below : 



The Radius, Diameter, Girth and Circumference of the Zero-Divisor  Cayley Graph  of the Ring   

 

DOI: 10.9790/5728-1504015862                                 www.iosrjournals.org                                            59 | Page 

     
𝑮 𝒁𝟕, 𝑫𝟎                   𝑮 𝒁𝟖, 𝑫𝟎    𝑮 𝒁𝟏𝟎, 𝑫𝟎  

 

We state below the main results that are established in [8] for the zero-divisor Cayley graph 𝐺 𝑍𝑛 , 𝐷0 . 

Lemma 2.1: (Lemma 2.10, [8]) For a prime 𝑝, the graph 𝐺 𝑍𝑝 , 𝐷0  contains only isolated vertices. 

Lemma 2.2: (Theorem 3.7, [8]) For a prime 𝑝 and an integer 𝑟 > 1, the graph 𝐺 Z𝑝𝑟 , 𝐷0  contains 𝑝 disjoint  

components, each of which is complete subgraph of  𝐺 Z𝑝𝑟 , 𝐷0 . 

Lemma 2.3: (Theorem 4.4, [8])  Let  𝑛 > 1 be an integer, which is not a power of a single prime. Then the 

graph  𝐺 𝑍𝑛 , 𝐷0  is a connected graph. 

 

III. Eccentricity, Radius And Diameter Of The Zero-Divisor Cayley Graph 
Definition 3.1: Let G 𝑉, 𝐸  be a graph with the vertex set  𝑉 and edge set is 𝐸. The distance 𝑑 𝑢, 𝑣  between  

two vertices 𝑢 and 𝑣 in the graph 𝐺 is defined as the length of the shortest path joining them, if any.  If there is 

no path joining the vertices 𝑢 and 𝑣 in graph  G 𝑉, 𝐸 ,  then it is defined by 𝑑 𝑢, 𝑣 = ∞. 
Definition 3.2: Let 𝐺 𝑉, 𝐸  a graph. The eccentricity 𝑒 𝑣  of a vertex 𝑣 ∈ 𝑉 𝐺  is defined as                               

𝑒 𝑣 = max 𝑑 𝑢, 𝑣 : 𝑢 ∈ 𝑉 𝐺  . 

Definition 3.3: Let 𝐺 𝑉, 𝐸  be a graph.  The radius 𝑟 𝐺 𝑉, 𝐸   and the diameter 𝑑 𝐺 𝑉, 𝐸    of the graph 

𝐺 𝑉,𝐸  are respectively defined as  𝑟 𝐺 𝑉, 𝐸  = 𝑚𝑖𝑛 𝑒 𝑣 : 𝑣 ∈ 𝑉   and   𝑑 𝐺 𝑉, 𝐸  = 𝑚𝑎𝑥 𝑒 𝑣 : 𝑣 ∈ 𝑉  . 

Example 3.4:  Consider the graph G 𝑉, 𝐸 , where 𝑉 =  𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓  and 

𝐸 =   𝑎, 𝑏 ,  𝑎,𝑑 ,  𝑏, 𝑐 ,  𝑏, 𝑑 ,  𝑐, 𝑒 ,  𝑑,𝑓 ,  𝑒, 𝑓  ,  
whose diagram is given below. The following table gives 𝑑 𝑢, 𝑣  for all vertices in 𝑉 and eccentricity 𝑒 𝑣  of a 

vertex 𝑣 ∈ 𝑉 𝐺 , radius 𝑟 𝑣  and diameter 𝑑 𝑣  of a vertex 𝑣 ∈ 𝑉 𝐺 . 

 
Fig. 3.1 

𝑑 𝑢, 𝑣  𝑎 𝑏 𝑐 𝑑 𝑒 𝑓 

𝑎 0 1 2 1 2 3 

𝑏 1 0 1 1 2 3 

𝑐 2 1 0 2 1 2 

𝑑 1 1 2 0 1 2 

𝑒 2 2 1 1 0 1 

𝑓 3 3 2 2 1 0 

𝑒 𝑣  3 3 2 2 2 3 

𝑟 𝐺 𝑉, 𝐸   𝑚𝑖𝑛 =  3, 3,2,2,2,3 = 2 

𝑑 𝐺 𝑉,𝐸   𝑚𝑎𝑥 =  3, 3,2,2,2,3 = 3 

 

Theorem 3.5: If 𝑛 = 𝑝𝑟 , 𝑟 > 1 is  a integer, then the eccentricity of any vertex  𝑣 ∈ 𝑍𝑝𝑟  is ∞. 

Proof: By the Remark 3.1[8], the zero-divisor Cayley graph 𝐺 𝑍𝑝𝑟 , 𝐷0  is a disjoint union of the following𝑝-

components𝐶0, 𝐶1, … , 𝐶𝑝−1, each of it is a complete sub graph of the graph 𝐺 𝑍𝑝𝑟 , 𝐷0 . 

 𝐶0 =  0 , 𝑝 , 2𝑝 , … , 𝑖𝑝 , … , 𝑗𝑝 , … ,  𝑝𝑟−1 − 1 𝑝  , 
 𝐶1 =  1 , 𝑝 + 1 ,   2𝑝 + 1 , … , 𝑖𝑝 + 1 , … , 𝑗𝑝 + 1 , … ,  𝑝𝑟−1 − 1 1  , 

⋮ 

 𝐶𝑘 =  𝑘 , 𝑝 + 𝑘 ,   2𝑝 + 𝑘 , … , 𝑖𝑝 + 𝑘 , … , 𝑗𝑝 + 𝑘 , … ,  𝑝𝑟−1 − 1 𝑘  , 

⋮ 
 𝐶𝑝−1 =  𝑝 − 1       , 𝑝 + 𝑝 − 1       , 2𝑝 + 𝑝 − 1       , … , 𝑖𝑝 + 𝑝 − 1       , … ,  𝑝𝑟−1 − 1 𝑝 − 1        . 
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Let 𝑣 ∈ 𝐺 𝑍𝑝𝑟 ,𝐷0 . 

Then𝑣 ∈ 𝐶𝑖 ,  for some 𝑖, 0 ≤ 𝑖 ≤ 𝑝 − 1. For any  𝑢 ∈ 𝑍𝑝𝑟 , the following two cases will arise. 

Case (i): Let 𝑢 ∈ 𝐶𝑖 .  Then by the Lemma 3.4[8],  𝐶𝑖  is a complete subgraph of 𝐺 𝑍𝑝𝑟 , 𝐷0 , so that 𝑣 and 𝑢 are 

adjacent in 𝐺 𝑍𝑝𝑟 , 𝐷0 and𝑑 𝑣, 𝑢 = 1. 

Case (ii): Let 𝑢 ∉ 𝐶𝑖 .  Then 𝑢 ∈ 𝐶𝑗 , for some 𝑗 ≠ 𝑖, 0 ≤ 𝑗 ≤ 𝑝 − 1.   By the Lemma 3.5[8], 𝐶𝑖  and 𝐶𝑗  are edge 

disjoint subgraphs of  𝐺 𝑍𝑝𝑟 , 𝐷0 . So there is no edge between 𝑣 and 𝑢 so that  𝑑 𝑣,𝑢 = ∞.Thus 

𝑒 𝑣 = 𝑚𝑎𝑥 1, ∞ = ∞.          ∎ 

Theorem 3.6: If 𝑛 > 1 is  a integer, where 𝑛 is not a power of single prime, then the eccentricity of a any vertex   

𝑣 ∈ 𝐺 𝑍𝑛 , 𝐷0  is 2. 
Proof: By the Theorem 4.4[8], 𝐺 𝑍𝑛 , 𝐷0  is connected and by the Remark 4.1[8], the vertex set 𝑉 is the union of 

the subsets 𝑉0 ,𝑉1 , … , 𝑉𝑝−1 of vertices, where 

 𝑉0 =  0,1𝑝1    , 2𝑝1    , … , 𝑖𝑝1   , … ,  
𝑛−𝑝1

𝑝1
 𝑝1    , 

 𝑉1 =  𝑝2    ,1𝑝1   + 𝑝2    , 2𝑝1   + 𝑝2    , … , 𝑖𝑝1   + 𝑝2   , … ,  
𝑛−𝑝1

𝑝1
 𝑝1   + 𝑝2    , 

⋮ 

 𝑉𝑝1−1 =   𝑝1 − 1 𝑝2    , … , 𝑖𝑝1   +  𝑝1 − 1 𝑝2   , … ,  
𝑛−𝑝1

𝑝1
 𝑝1   + (𝑝1 − 1)𝑝2    . 

Let 𝑣 be any vertex of  𝐺 𝑍𝑛 , 𝐷0 . Then  

𝑣 =  𝑖𝑝1 + 𝑙𝑝2
            ∈ 𝑉𝑙 , for some 𝑙, 0 ≤  𝑙 ≤ 𝑝1 − 1  and for some 𝑖, 0 ≤ 𝑖 ≤  

𝑛−𝑝1

𝑝1
 − 1. 

For any vertex 𝑢 ∈ 𝐺 𝑍𝑛 , 𝐷0 , the following two cases will arise. 

Case (i): Let 𝑢 ∈ 𝑉𝑙 .  Then by the Lemma 4.3 [8],  𝑉𝑙  is a complete subgraph of 𝐺 𝑍𝑛 , 𝐷0 , so that 𝑣 and 𝑢 are 

adjacent in 𝐺 𝑍𝑛 , 𝐷0  and 𝑑 𝑣, 𝑢 = 1. 
Case (ii): Let 𝑢 ∉ 𝑉𝑙 . Then 𝑢 =  𝑗𝑝1 + 𝑘𝑝2

            ∈ 𝑉𝑘 , for some 𝑘 ≠ 𝑙, 0 ≤ 𝑘 ≤ 𝑝1 − 1  and for some 𝑗,                       

0 ≤ 𝑗 ≤  
𝑛−𝑝1

𝑝1
 − 1.  We may assume that 𝑖 < 𝑗. Let  𝑤 = 𝑖𝑝1 + 𝑘𝑝2

            ∈ 𝑉𝑘 .  Since  𝑖 < 𝑗 ≤  
𝑛−𝑝1

𝑝1
 , it follows 

that𝑤 ∈ 𝑉𝑘 . That is, 𝑢, 𝑤 ∈ 𝑉𝑘 . Now 𝑉𝑘  being a complete subgraph of 𝐺 𝑍𝑛 , 𝐷0 , 𝑢 and 𝑤 are adjacent, so that 

𝑑 𝑤, 𝑢 = 1. 

Further 𝑣 − 𝑤 = 𝑖𝑝1 + 𝑙𝑝2
            − 𝑖𝑝1 + 𝑘𝑝2

            =  𝑙 − 𝑘 𝑝2
            , which is a zero divisor in the ring  𝑍𝑛 , ⨁,⊙ . So there is 

an edge between  𝑣 and 𝑤, so that 𝑑 𝑣, 𝑤 = 1.So 

𝑑 𝑣, 𝑢 = 𝑑 𝑣, 𝑤 + 𝑑 𝑤, 𝑢 = 1 + 1 = 2 and 𝑒 𝑣 = 𝑚𝑎𝑥 1,2 = 2. 
 

 
Fig. 3.2 

            ∎ 

Theorem 3.7: If𝑛 = 𝑝𝑟 , 𝑟 > 1 is  a integer, then the radius and diameter of any vertex 𝑣 ∈ 𝑍𝑝𝑟  is ∞. 

Proof: By the Theorem 3.5, the eccentricity𝑒 𝑣 = ∞, for every vertex𝑣 in 𝐺 𝑍𝑛 , 𝐷0 .  So 

𝑟 𝐺 𝑍𝑛 , 𝐷0  = 𝑚𝑖𝑛 ∞ = ∞  and  𝑑 𝐺 𝑍𝑛 , 𝐷0  = 𝑚𝑎𝑥 ∞ = ∞.     ∎ 

Theorem 3.8: If 𝑛 > 1is  a integer, where 𝑛 is not a power of single prime, then  

 𝑟 𝐺 𝑍𝑛 , 𝐷0  = 𝑑 𝐺 𝑍𝑛 , 𝐷0  = 2. 

Proof: By the Theorem 3.6, the eccentricity 𝑒 𝑣 =2,  for any vertex 𝑣 in 𝐺 𝑍𝑛 , 𝐷0 , so that  

 𝑟 𝐺 𝑍𝑛 , 𝐷0  = 𝑚𝑖𝑛 2 = 2 and  𝑑 𝐺 𝑍𝑛 , 𝐷0  = 𝑚𝑎𝑥 2 = 2.    ∎
    

IV. The Girth And The Circumference Of The Zero-Divisor Cayley Graph 
Definition 4.1: The length of the smallest cycle in the graph 𝐺 𝑉, 𝐸 is called the girth of the graph 𝐺 𝑉, 𝐸  and 

it is denoted by 𝑔 𝐺 𝑉, 𝐸   and the length of the largest cycle in the graph 𝐺 𝑉, 𝐸  is called the circumference 

of the graph 𝐺 𝑉, 𝐸  and it is denoted by 𝑐 𝐺 𝑉, 𝐸  . If the graph 𝐺 𝑉, 𝐸  has no cycles then the girth and the 

circumference are undefined.  

Remark 4.2: If 𝑝 is a prime, then the graph 𝐺 𝑍𝑝 , 𝐷0  has no edges. So that the girth and the circumference of  

graph 𝐺 𝑍𝑝 , 𝐷0  is undefined. 
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Remark 4.3: For 𝑛 = 1,2,3,4 and 5, the graphs 𝐺 𝑍𝑛 , 𝐷0  are given as follows:  

 
     𝐺 𝑍1 , 𝐷0             𝐺 𝑍2 , 𝐷0                         𝐺 𝑍3 ,𝐷0         𝐺 𝑍4 , 𝐷0        𝐺 𝑍5 , 𝐷0  
   

Fig. 4.1 
 

One can observe that there are no cycles in the above graphs, so that the girth and the circumference are 

undefined. Thus for 𝑛 ≤ 5,  the terms girth and circumference of  the  graph 𝐺 𝑍𝑛 , 𝐷0  are undefined. 

Theorem 4.4: If 𝑛 > 5 is not a prime, then 𝑔 𝐺 𝑍𝑛 , 𝐷0   is 3. 

Proof: Let 𝑛 > 5 be not a prime and let 𝑝1 be the least prime divisor of 𝑛. Then 𝑝1   , 2𝑝1
     ∈ 𝐷0. For the vertices 

0  , 𝑝1    , 2𝑝1
     ∈ 𝐺 𝑍𝑛 , 𝐷0 , we have 2𝑝1

     − 𝑝1   = 𝑝1   ∈ 𝐷0,𝑝1   − 0 = 𝑝1    ∈ 𝐷0  and 2𝑝1
     − 0 =  2𝑝1

     ∈ 𝐷0 , so that 

 0  , 𝑝1    ,  𝑝1    , 2𝑝1
       and  2𝑝1

     , 0   are edges in 𝐺 𝑍𝑛 , 𝐷0 . So  0  , 𝑝1    , 2𝑝1
     , 0   is a 3-cycle and 𝑔 𝐺 𝑍𝑛 , 𝐷0    is 3.

            ∎ 

Theorem 4.5: If 𝑛 = 𝑝𝑟 , where 𝑝 is a prime and  𝑟 > 1  an integer and let 𝑛 > 5, then𝑐 𝐺 𝑍𝑛 , 𝐷0   is  
𝑛

𝑝
.  

Proof: Let 𝑛 > 5 be a power of single prime say 𝑛 = 𝑝𝑟 , 𝑝 a prime and 𝑟 > 1 aninteger. By the Theorem 3.7[8], 

𝐺 𝑍𝑝𝑟 , 𝐷0  is decomposed into 𝑝-components, 𝐶0, 𝐶1, 𝐶2, …𝐶𝑝−1, where  

 𝐶𝑘 =  𝑘 ,   𝑝 + 𝑘 ,   2𝑝 + 𝑘 , … ,   𝑖𝑝 + 𝑘 , … , 𝑗𝑝 + 𝑘 , … ,  𝑝𝑟−1 − 1 𝑘  , 

for some 𝑘, 0 ≤ 𝑘 ≤ 𝑝 − 1. Now 

 𝒞 =  𝑘 ,   𝑝 + 𝑘 ,   2𝑝 + 𝑘 , … ,   𝑖𝑝 + 𝑘 , … , 𝑗𝑝 + 𝑘 , … ,  𝑝𝑟−1 − 1 𝑘  , 𝑘   

is a cycle of length 
𝑛

𝑝
 ,  which is also a cycle of  maximum length. So  

 𝑐 𝐺 𝑍𝑛 , 𝐷0  =
𝑛

𝑝
.         ∎ 

Example 4.6:  Consider the graph  𝐺 𝑍9, 𝐷0 . Here 𝑝 = 3. This graph has 3-components  0  ,  3  , 6  ,  1  , 4  , 7   

and  2  , 5  , 8   each of which is a triangle. Further these are the only cycles in 𝐺 𝑍9, 𝐷0 . Since a triangle is a 

cycle of length 3. It follows that  

 𝑔 𝐺 𝑍9, 𝐷0  = 𝑐 𝐺 𝑍9, 𝐷0  = 3. 

This fact is exhibited in the graphs 𝐺 𝑍9, 𝐷0  given below. 

   
The graph 𝐺 𝑍9, 𝐷0                             The components of 𝐺 𝑍9, 𝐷0  

Fig.4.2 

 

Theorem 4.7:If 𝑛 > 1, is an integer and if𝑛is not a power of a single prime,  then 𝑐 𝐺 𝑍𝑛 , 𝐷0   is 𝑛. 

Proof: Let 𝑛be not a power of single prime and let 𝑝1 be the least prime divisor of 𝑛. One can see that the 

following cycle  

 𝐻 =  0 , 𝑝1   , . . 𝑖𝑝1    , 𝑝1  
𝑛−𝑝1

𝑝1
 

            
,  

𝑛−𝑝1

𝑝1
 𝑝1

            
+ 𝑝2   , . . . , 𝑝1   + 𝑝2   , 𝑝2   , … , 𝑝1  

𝑛−𝑝1

𝑝1
 + 2𝑝2

                    
, … ,  𝑝1 − 1 𝑝2

              , 0   is 

a Hamilton cycle in 𝐺 𝑍𝑛 , 𝐷0  of  length 𝑛. Since a Hamilton cycle is a cycle of maximum length 𝑛, it follows 

that 𝑐 𝐺 𝑍𝑛 , 𝐷0  = 𝑛.          ∎ 

Example4.8: Consider the graph 𝐺 𝑍12 , 𝐷0 . Here 𝑛 = 12 = 22 × 3.  So the graph is a connected graph. In this 

graph  0 , 2 , 4 , 0   is a cycle of length 3, so that 𝑔 𝐺 𝑍12 , 𝐷0  = 3. Further  0 , 2 , 4 , 6 , 8 , 10    , 1 , 11    , 9 , 7 , 5 , 3 , 0   is 

a Hamilton cycle in 𝐺 𝑍12 , 𝐷0  which is of length 12, so that 𝑐 𝐺 𝑍12 , 𝐷0  = 12. The graph 𝐺 𝑍12 , 𝐷0  and the 

above Hamilton cycle is given below. 
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    The graph 𝐺 𝑍12 , 𝐷0                           A Hamilton cycle in  𝑍12 ,𝐷0  

Fig.4.3 
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