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Abstract:  
This paper discusses the Economic Ordering Quantity (EOQ) for multi-item deterministic inventory. 

Deterioration happens to each item when the constraints of shortage capacity are active. Then, Lagrange 

method is used to determine the EOQ of this case. The main purpose of this model is to determine the time cycle 

with and without backorder, as well as the amount of optimal shortage so as to minimize the total inventory 

cost. It is show that the developed model has the effective time cycle with minimum cost. 

Keywords: EOQ; deteriorating item; multi-item; shortage; Lagrange method. 
--------------------------------------------------------------------------------------------------------- ------------------------------ 

Date of Submission: 26-10-2020                                                                           Date of Acceptance: 05-11-2020 

----------------------------------------------------------------------------------------------------------------------------- ---------- 

 

I. Introduction 
Industrial era of 4.0 is an era that maximizes production and order where the deteriorating items are 

taken into account in order to satisfy consumers and maximize profit. Deteriorating can be define as changing, 

defecting, and losing a certain quality or original value of a commodity so that the original product decreases its 

value. The common examples of deteriorating products are vegetables, fruits, breads, and others.  

Ghare and Schrader [7] is the first to develop the effect of defecting to inventory. They observe that 

certain items can be dwindling as the time goes by with proportion close to negative exponential function. The 

observation creates inventory item model with deteriorating process stated by differential equation 

 
𝑑𝐼(𝑡)

𝑑𝑡
+ 𝜃𝐼 𝑡 = −𝑓 𝑡 . 

 

Covert and Philip [3] develop Ghare and Schrader’s model by using Weibull’s distribution. Philip [11] 

simplifies the model using Weibull’s distribution from Covert and Philip. Misra [10] develops it by using 

exponential distribution in completion of product. Dave and Patel [4] develop the deteriorating model for fixed 

demand. Goyal and Giri [8], and also Bakker et al. [1] elaborate the inventory model for deteriorating items 

taken by research in 1990s. 

Holding to inventory model is one of the main components to determine the optimal total cost. Taha 

[12, p.428] defines holding costs as all of expense incurred because having inventory in which consideration to 

time, with inventory component are capital investment, warehouse, and handling. The beginning of integration 

of demands and unit costs is proposed by Cheng [2]. Maity et al. [9] optimize multi-item production to 

deteriorating items which is solved by Chebyshev’s approximation. Yalcn et al. [14] solve the multi-product 

dynamic pricing problems by using stochastic dynamic program and analyzing the optimal price. Furthermore, 

Ghafour and Rashid [6] develop multi-item models with constraint the numbers of ordering take effect with 

demand. 

Ghafour et al. [7] develop the classical EOQ model with storage that has effect to numbers of space 

used for storage. This paper develops classical EOQ model as deteriorating model with storage constraint to 

numbers of space used for storage. This paper is organized as follows: section 1 presents a literature review, 

section 2 gives assumptions and notations needed, and section 3 introduces a developed model to determine the 

solution of time cycle with and without backorder and the numbers of optimal shortage. The simulation of 

model is also given to show the usefulness of the model. Finally, section 4 provides some conclusions. 
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II. Notations and Assumptions 
This research develops EOQ deteriorating model with storage active constraint. Assumptions and notations are 

given to make it easier to classify. 

 

Assumptions 
The following assumption are made in developing the model: 

(i) Deteriorating possibility rate to constant item. 

(ii) No lead time or lead time is 0. 

(iii) Constant order. 

(iv) Shortages are allowed and backorder that occurs for shortages is allowed.  

(v) Backorder occurs for deteriorating multi-item EOQ model when the constraints of storage capacity 

are active. 
Notations 

The following notations are used in developing the model: 

𝑂𝑖  := Ordering cost for item 𝑖, 𝑖 = 1, 2, … , 𝑛. 
ℎ𝑖  := Holding cost for every item 𝑖, 𝑖 = 1, 2, … , 𝑛. 
𝑆𝑖  := Deteriorating item quality cost for every item 𝑖, 𝑖 = 1, 2, … , 𝑛. 
𝑅𝑖  := Backorder cost for every item 𝑖, 𝑖 = 1, 2, … , 𝑛. 
𝐷𝑖  := Demand for every item 𝑖, 𝑖 = 1, 2, … , 𝑛. 
𝑄𝑖

∗ := Optimum ordering numbers for every item 𝑖, 𝑖 = 1, 2, … , 𝑛. 
𝑇𝑖  := Length of ordering time for each item 𝑖, 𝑖 = 1, 2, … , 𝑛. 
𝑇𝑖

∗ := Length of optimum ordering time for each item 𝑖, 𝑖 = 1, 2, … , 𝑛. 
𝐾𝑖  := Percentage of demand which available from the stock for every item 𝑖, 𝑖 = 1, 2, … , 𝑛. 
𝐾𝑖

∗ := Percentage of optimum demand which available from the stock for every item 𝑖, 𝑖 = 1, 2, … , 𝑛. 
𝜃𝑖  := Deteriorating quality rate for every item 𝑖, 𝑖 = 1, 2, … , 𝑛. 
𝐵𝑖

∗ := Maximum backorder for every item 𝑖, 𝑖 = 1, 2, … , 𝑛. 
𝐴 := Numbers of storage capacity. 

𝑓𝑖   := Space needed for storage for every item 𝑖, 𝑖 = 1, 2, … , 𝑛. 
 

III. Development Of Model 

 
This paper is about deteriorating EOQ model with and without backorder with active storage capacity 

constraint. The detailed model is explained as follows. 

 
EOQ Model for Deteriorating Multi-Item without Backorder when the Constraint of Storage Capacity Are 

Active 

 

Figure 1 shows deteriorating graph without backorder and the decreasing of inventory to time t. When the time 

cycle of timeT occurs, demand can be fulfilled. Inventory equation for inventory rate is 

 
𝑑𝐼(𝑡)

𝑑𝑡
+ 𝜃𝐼 𝑡 = −𝐷, 0 ≤ 𝑡 ≤ 𝑇 .                                       (1) 

The solution of equation (1) is 

 

                               𝐼 𝑡 =
𝐷

𝜃
 𝑒𝜃 𝑇−𝑡 − 1 , 0 ≤ 𝑡 ≤ 𝑇 .                                        (2) 

 

Figure 1 shows the total inventory  𝐼 𝑡  𝑑𝑡
𝑇

0
. The exponent value of total inventory is calculated by 

using Taylor series approximation. Thus, the equation for inventory rate is 

 

                                                   𝐼 =
1

2
 𝐷𝑇2 .                                                                    (3) 
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Figure 1: Model EOQ without Backordering 

 

 The total cost for every single item is the total of order cost, holding cost, and deteriorating cost. The total cost 

is 

 

𝑇𝐶 𝑇 =
𝑂

𝑇
+ ℎ

𝐼

𝑇
+ 𝑠𝜃

𝐼

𝑇
,                                       

 

                                       𝑇𝐶 𝑇 =
𝑂

𝑇
+ ℎ

1

2
 𝐷𝑇 + 𝑠𝜃

1

2
 𝐷𝑇 .                                    (4) 

 

The total single cost is modified in form of multi-item, thus the total multi-cost becomes objective 

function. The storage limit in inventory is the number of ordering item and space required needs to be smaller or 

equal to storage limit available. Moreover, the storage limit is the given constraint functionsand it can be 

formulated as follows: 

 
𝑓𝑖𝐷𝑖

𝑇𝑖

≤ 𝐴

𝑛

𝑖=1

.                                               (5) 

Determining the optimum value for multi-item of active storage uses Lagrange method. The total cost for 

all of the first constraints are 

𝑇𝐶 𝑇, 𝜆 =
𝑂𝑖

𝑇𝑖

+ ℎ𝑖

1

2
 𝐷𝑖𝑇𝑖 + 𝑆𝑖𝜃

1

2
 𝐷𝑖𝑇𝑖 − 𝜆   

𝑓𝑖𝐷𝑖

𝑇𝑖

− 𝐴

𝑛

𝑖=1

 .  (6) 

Determining optimal time Ti* we set the first derivative of TC(Ti ,λ)with respect to T equals zero and then 

solve for T; i.e, 
𝑑𝑇𝐶 𝑇, 𝜆 

𝑑𝑇
=

−𝑂𝑖

𝑇𝑖
2 +

ℎ𝑖𝐷𝑖

2
+

𝑆𝑖𝐷𝑖𝜃

2
+ 𝜆

𝑓𝑖𝐷𝑖

𝑇𝑖
2 = 0, 

 

𝑇𝑖
2 =

2(𝑂𝑖 − 𝜆𝑓𝑖𝐷𝑖)

𝐷𝑖(ℎ𝑖 + 𝑆𝑖𝜃)
. 

Taking 𝑇𝑖
∗of every 𝑖as a positive value gives 

 

𝑇𝑖
∗ =  

2(𝑂𝑖 − 𝜆𝑓𝑖𝐷𝑖)

𝐷𝑖(ℎ𝑖 + 𝑆𝑖𝜃)
.                                               (7) 

 

There are two ways in determining𝜆. The first by using trial and error of compensation method with the 

initial number is𝜆 = 0to the closest condition, either+or−. Second, by using Saint Method which proposed by 

Ghafour et al. [7] that is more accurate by considering derivation method. Substitute the value ofTto constraint 

equation to get  
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𝑓𝑖𝐷𝑖

 
2(𝑂𝑖−𝜆𝑓𝑖𝐷𝑖)

𝐷𝑖(ℎ𝑖+𝑆𝑖𝜃)

= 𝐴

𝑛

𝑖=1

,                                                                         

2𝜆𝑓𝑖𝐷𝑖 = 2𝑂𝑖 −  
𝑓𝑖𝐷𝑖 𝐷𝑖 ℎ𝑖 + 𝑆𝑖𝜃 

𝐴
 

2

, 

                                                       𝜆 =
𝑂𝑖

𝑓𝑖𝐷𝑖

−
𝑓𝑖𝐷𝑖(𝐷𝑖 ℎ𝑖 + 𝑆𝑖𝜃 )

2𝐴2
.                             8  

The total optimum costof every 𝑖 is 

   𝑇𝐶 𝑇𝑖
∗, 𝜆∗ =

𝑂𝑖

𝑇𝑖
∗ + ℎ𝑖

1

2
 𝐷𝑖𝑇𝑖

∗ + 𝑆𝑖𝜃
1

2
 𝐷𝑖𝑇𝑖

∗ − 𝜆∗   
𝑓𝑖𝐷𝑖

𝑇𝑖
∗ − 𝐴

𝑛

𝑖=1

 .             (9) 

 

EOQ Model for Deteriorating Multi-Item with Backorder when the Constraints of Storage Capacity Are 

Active 
Figure 2 shows EOQ graph with backorder in general. The graph shows a decreasing inventory to time 

t with demand and deteriorating item. KTis the time when demands occur in general.Furthermore, the deficiency 

time is the cycle minus the order without shortage, that is 𝑇 − 𝐾𝑇.The inventory rate without shortage occurs to 

𝑡 = 0 and during 𝐾𝑇 time. The backordering rate occurs from the end of 𝐾𝑇 time to the end of time 𝑇. The 

differential equation of inventory rate without shortage and the differential equation of backordering rate 

respectively are 

 
𝑑𝐼(𝑡)

𝑑𝑡
+ 𝜃𝐼 𝑡 = −𝐷, 0 ≤ 𝑡 ≤ 𝐾𝑇 .                              (10) 

𝑑𝐵(𝑡)

𝑑𝑡
= −𝐷, 𝐾𝑇 ≤ 𝑡 ≤ 𝑇 .                              (11) 

 
Figure 2: Model EOQ with Backordering 

 

The solution of differential equation for equation (10) and (11) is 

 

                      𝐼 𝑡 =
𝐷

𝜃
 𝑒𝜃 𝐾𝑇−𝑡 − 1 , 0 ≤ 𝑡 ≤ 𝐾𝑇 .                          (12) 

                         𝐵 𝑡 = 𝐷𝑡, 𝐾𝑇 ≤ 𝑡 ≤ 𝑇 .                                                   (13) 

 

The total for single item is the total of ordering cost, holding cost, and deteriorating cost. The total of all 

is 

 

           𝑇𝐶 𝑇, 𝐾, 𝜆 =
𝑂

𝑇
+

𝐷

2
𝑅 1 − 𝐾 2𝑇 +

𝐷

2
ℎ𝐾2𝑇 + 𝑆𝜃

𝐷

2
𝐾2𝑇.              (14) 

 



Economic Order Quantity Modelfor Deteriorating Multi-Item when Constraints .. 

DOI: 10.9790/5728-1605052733                            www.iosrjournals.org                                                 31 | Page 

The total single cost with backorder is modified in form of multi-item, thus the total multi cost becomes 

an objective function. The storage limit in inventory is the number of ordering item and space required needs to 

be smaller or equal to storage limit available. Moreover, the storage limit is the given constraint function and it 

can be formulated as follows: 

 
𝑓𝑖𝐷𝑖

𝑇𝑖

≤ 𝐴

𝑛

𝑖=1

.                                                            (15) 

Lagrange method is used to determine the optimal value for multi-item of active storage. The total cost of 

all for the first constraint is 

𝑇𝐶 𝑇𝑖 , 𝐾𝑖 , 𝜆 =
𝑂𝑖

𝑇𝑖

+
𝐷𝑖

2
𝑅𝑖 1 − 𝐾𝑖 

2𝑇𝑖 +
𝐷𝑖

2
ℎ𝑖𝐾𝑖

2𝑇𝑖  

                                           +𝑆𝑖𝜃𝑖

𝐷𝑖

2
𝐾𝑖

2𝑇𝑖 − 𝜆   
𝑓𝑖𝐷𝑖

𝑇𝑖

− 𝐴

𝑛

𝑖=1

 .                               (16) 

To determine the optimum𝑇𝑖
∗ and 𝐾𝑖

∗ in an easier way, we refer to Talazaideh [13]. The total cost of equation 

(16) is given as 

               𝑇𝐶 𝑇𝑖 , 𝐾𝑖 , 𝜆 =
𝛼1

𝑇𝑖

+ (𝛼2𝐾𝑖
2 − 2𝛼3𝐾𝑖 + 𝛼4)𝑇𝑖 −

𝛼5

𝑇𝑖

+ 𝛼6                    (17) 

where 

𝛼1 = 𝑜𝑖 > 0, 

𝛼2 =
(𝐷𝑖ℎ𝑖 + 𝑆𝑖𝜃𝑖 + 𝐷𝑖𝑅𝑖)

2
> 0, 

𝛼3 =
𝐷𝑖𝑅𝑖

2
> 0, 

𝛼4 =
𝐷𝑖𝑅𝑖

2
> 0, 

𝛼5 =  𝜆 
𝑓𝑖𝐷𝑖

𝑇𝑖

≤ 0,

𝑛

𝑖=1

 

𝛼6 = 𝜆𝐴 ≤ 0. 
 

Let𝛾 𝐾𝑖  be the quadratic function 𝐾𝑖
2 in equation(17). Thus, the total cost equation is given by 

 

                                  𝑇𝐶 𝑇𝑖 , 𝐾𝑖 , 𝜆 =
𝛼1

𝑇𝑖

+ 𝛾(𝐾𝑖)𝑇𝑖 −
𝛼5

𝑇𝑖

+ 𝛼6.                                 (18) 

 

Determining optimal time Ti* we set the first derivative of𝑇𝐶 𝑇𝑖 , 𝐾𝑖 , 𝜆 with respect to T equals zero and then 

solve for T; i.e, 

𝑇𝑖
∗ =  

𝛼1 − 𝛼5

𝛾(𝐾𝑖)
.                                                   (19) 

The minimum global value of 𝐾 is determined in two steps. The first step is to substitute𝑇𝑖
∗ value to 

equation  18 to get a new total cost. The second step is to show that the total cost equation is global minimum 

by taking the derivative of total cost equation twice with respect to 𝐾, 
 

𝑑𝑇𝐶 𝐾𝑖 , 𝑇𝐶 𝐾𝑖 , 𝜆 

𝑑𝐾
=

 𝛼1 − 𝛼5[𝛾 ′(𝐾𝑖)]

 𝛾(𝐾𝑖)
.                                                (20) 

𝑑2𝑇𝐶 𝐾𝑖 ,𝑇𝐶 𝐾𝑖 , 𝜆 

𝑑𝐾2
=

 𝛼1 − 𝛼5[2𝛾 ′′  𝐾𝑖 𝛾 𝐾𝑖 − 𝛾 ′ 𝐾𝑖 
2]

2𝛾(𝐾𝑖)
3

2

,                          

𝑑2𝑇𝐶 𝐾𝑖 , 𝑇𝐶 𝐾𝑖 , 𝜆 

𝑑𝐾2
 =

 𝛼1 − 𝛼5[𝛼2𝛾 𝐾𝑖 + (𝛼2 − 𝛼3)𝛼3]

𝛾(𝐾𝑖)
3

2

> 0.          (21) 

 

Since (𝛼2 − 𝛼3) =  (𝐷𝑖ℎ𝑖 + 𝑆𝑖𝜃𝑖 + 𝐷𝑖𝑅𝑖)/2 −   𝐷𝑖𝑅𝑖 /2 > 0, then it is true that𝑇𝐶 𝐾𝑖 , 𝑇 𝐾𝑖 , 𝜆  is 

convex. Determining optimum 𝐾𝑖  can be done by setting the first derivative in equation (20)equalszero. As  

 𝛼1 − 𝛼5 and  𝛾(𝐾𝑖) is bigger than zero, then 𝛾 ′ 𝐾 = 0.  Then the value of𝐾 for each𝑖 is obtained as follows: 

 

 𝛾 ′ 𝐾𝑖 = 2𝛼2𝐾𝑖 − 2𝛼3 = 0                                                 
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𝐾𝑖
∗ =

𝛼3

𝛼2

 

𝐾𝑖
∗ =

𝐷𝑖𝑅𝑖

(𝐷𝑖ℎ𝑖 + 𝑆𝑖𝜃𝑖 + 𝐷𝑖𝑅𝑖)
.                     (22) 

 

Substituting𝑇∗ value to equation (5) by using Saint Method to get λ, we have the following: 

 
𝑓𝑖𝐷𝑖

 
2(𝑂𝑖−𝜆𝑓 𝑖𝐷𝑖)(𝐷𝑖ℎ𝑖+𝑆𝑖𝜃𝑖+𝐷𝑖𝑅𝑖)

𝐷𝑖𝑅𝑖(𝐷𝑖𝑅𝑖−1)

= 𝐴

𝑛

𝑖=1

,                                                                                          

2𝜆𝑓𝑖𝐷𝑖(𝐷𝑖ℎ𝑖 + 𝑆𝑖𝜃𝑖 + 𝐷𝑖𝑅𝑖) = 2𝑂𝑖(𝐷𝑖ℎ𝑖 + 𝑆𝑖𝜃𝑖 + 𝐷𝑖𝑅𝑖)         

                                                       −  
(𝑓𝑖𝐷𝑖)

2 𝐷𝑖𝑅𝑖 𝐷𝑖𝑅𝑖 − 1  

𝐴2
, 

                                                    𝜆 =
𝑂𝑖

𝑓𝑖𝐷𝑖

−  
(𝑓𝑖𝐷𝑖) 𝐷𝑖𝑅𝑖 𝐷𝑖𝑅𝑖 − 1  

2𝐴1
2(𝐷𝑖ℎ𝑖 + 𝑆𝑖𝜃𝑖 + 𝐷𝑖𝑅𝑖)

. (23) 

 

The overall total optimal cost is obtained by substituting the values of 𝑇∗, 𝐾∗ and 𝜆 to equation (16); i.e., 

 

𝑇𝐶 𝑇𝑖
∗, 𝐾𝑖

∗, 𝜆∗ =
𝑂𝑖

𝑇𝑖
∗ +

𝐷𝑖

2
𝑅𝑖 1 − 𝐾𝑖

∗ 2𝑇𝑖
∗ +

𝐷𝑖

2
ℎ𝑖𝐾𝑖

∗2
𝑇𝑖

∗ 

                                                      +𝑆𝑖𝜃𝑖

𝐷𝑖

2
𝐾𝑖

∗2
𝑇𝑖

∗ − 𝜆∗   
𝑓𝑖𝐷𝑖

𝑇𝑖
∗ − 𝐴

𝑛

𝑖=1

 .                (24) 

Numerical Simulations 

Numerical simulations are given to show the use of EOQ model for deteriorating multi-item without 

backorder when the constraints of storage capacity are active and EOQ model for deteriorating multi-item with 

backorder when the constraints of storage capacity are active. The data is taken from a biggest supermarket in 

the city of Pekanbaru which has 100 items maximum display storage ability. The displayed items are 20 items of 

fish, 10 items of beef, and 20 items of chicken. Table 1 shows the parametersto determine the time cycle, 

shortage, and optimum total cost. 

 

Table 1: Parameter of three items 

 

 

Illustration of EOQ model for deteriorating multi-item without backorder when the constraint of storage 

capacity are active is given to determine the optimum time cycle and the optimum total cost. Substituting each 

parameter into equation (7), (8), and (9) we obtain the optimum time cycle and the optimum total cost as seen in 

Table 2 

  

Table 2: EOQ model without backorder 
I T TC 

1 

2 

3 

33 

22 

33 

IDR11,818,227 

IDR7,713,451 

IDR8,429,403 

 

Determining a better time cycle and total cost for EOQ model for deteriorating multi-item without 

backorder when the constraint of storage capacity are active is by increasing each parameter by 50% and 25%, 

and decreasing it by −25% and −50%. The results for the optimum time cycle and total cost value 

whendemands decrease by−50% are shown in Table 3. 

 

Table 3: 50 percent daily demand decreasing without backorder 
i T TC 

1 
2 

3 

17 
11 

17 

IDR2,971,805 
IDR1,942,657 

IDR2,116,797 

 

 

i D H O S θ R 

1 

2 
3 

70 

60 
50 

IDR10,000 

IDR11,000 
IDR10,000 

IDR20,000 

IDR80,000 
IDR35,000 

IDR2,000 

IDR8,000 
IDR3,000 

0.08 

0.10 
0.05 

IDR5,000 

IDR13,000 
IDR6,000 
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Illustration of EOQ model for deteriorating multi-item with backorder when the constraints of storage 

capacity are active is given to determine the optimum time cycle, demand being fulfilled from the stock, and 

optimum total cost. Substituting each parameter into equation (19), (22), and (24) we getthe optimum time cycle 

and the optimum total cost as shown in Table 4. 

 

Table 4: EOQ model with backorder 
I T K TC 

1 

2 
3 

36 

19 
34 

0.33 

0.54 
0.38  

IDR4,206,991 

IDR3,526,452 
IDR3,185,166 

 

Determining a better time cycle, demand being fulfilled from the stock, and total cost for EOQ model for 

deteriorating multi-item without backorder when the constraint of storage capacity are active is by increasing 

each parameter by 50% and 25%, and decreasing it by −25% and −50%. Table 3 represents the result for the 

optimum time cycle and total cost when demand parameters decrease by −50%. 

 

Table 5: 50 percent daily demand decreasing with backorder 
I T K TC 

1 
2 

3 

18 
10 

17 

0.33 
0.54 

0.38 

IDR1,048,495 
IDR887,741 

IDR794,282 

 

 

IV. Conclusion 

This paper develops and analyzes the deterministic inventory model for the deteriorating multi-item 

with the active storage constraints. The solution ofEOQ model for deteriorating multi-item without and with 

backorder when the constraints of storage capacity are active solution is evaluated by using Lagrange method. 

The benefits of this model are those one can have the optimum time cycle and minimum total cost. The results 

of numerical simulations provide the minimum total cost and lower time cycle.  The 50% decrease of demand 

causes about 50% reduction in time cycle and total cost. This simulation applies to models without backorder 

and with backorder.  
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