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Abstract

In this paper we have discussed the differential geometry of rheonomic Lagrange space with Matsumoto
metric.We find the coefficients of semispray, integral curve of semispray, Canonical nonlinear connection,
differential equations of auto parallel curves and canonical metrical N-linear connection of rheonomic
Lagrange space with Matsumoto metric.
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I.  Introduction
Finsler spaces endowed with (a, B) — metric which is studied, by a number of geometers such as
Matsumoto [6, 7] and Kitayama et al [5] and several important applications of such spaces have been observed
in physics and relativity theory [6]. The notion of (a, 8) — metric was taken to a more general space called
Lagrange space and then studied by several authors Miron [9], Nicolaescu [14, 15, 21] an n- dimensional
Lagrange space L™ = (M,L (x,y))is said to be endowed with(a, B) — metric, if Langrangian L (x,y) is a

function of a (x,y) andB(x,y). Where a (x,y) = /aij(x)yiyfis a Riemannian metric and B(x,y) = b;(x)y*

is a one form metric.

That Lagrange space is a pair L" = (M,L (x,y)) where M is a smooth manifold and L (x,y) is a regular
Lagrangian [10]. In several problems of mechanics and physics the time dependent Lagrangians play important
role due to which the rheonomic Lagrangian space was introduced as the generalization of Lagrange’s space. A
rheonomic Lagrangian space is a pair

RL" = (M,L (x,y, t)) where L (x,y,t) is a time dependent regular Langrangian. Several mathematicians
Anastasiei, M., Kawaguchi, H., [2], Miron, R.[9], [21], played important role in the development and
applications of rheonomic Lagrangian space. Matsumoto metric [8], isa (a, ) — metric given by

L= 1.1)

An n-dimensional manifold M with Matsumoto metric is a Finsler space and we know that every
Finsler space is a Lagrange space. Therefore, the Matsumoto metric can be considered as a regular Lagrangian
In this paper we have discussed the differential geometry of rheonomic Lagrange space with Matsumoto metric.
We find the coefficients of semispray, integral curve of semispray, Canonical nonlinear connection, differential
equations of auto parallel curves and canonical metrical N-linear connection of rheonomic Lagrange space with
Matsumoto metric.

Il.  Preliminaries
Let (TM,m, M) be the tangent bundle of an n-dimensional smooth manifold M. Let (x!) and (x!, y!) be the
local coordinates on M and TM respectively. Let us consider the product manifold E: TM x R and (x!, y t) as
local coordinates on E. A time dependent Lagrangian is a function L:E — R which is smooth onE =
E\{(x,0,0),x € M} and continuous on its complement. This Lagrangian is said to be regular

2
if ranks (gi iy, t)) = n, where (gi]- (x,y, t)) 1= %aa;?;i ‘].t) are components of a covariant symmetric tensor
called the metric tensor of the Lagrangian L(x,y,t). A rheonomic Lagrange space whose metric tensor g;; has
constant signature on E. The coordinates (x!, y!,t) on E change by the following rule:

# =222, 2, yi=2Zyi, E= 0@ (1)
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with

ax!t

rank (T) =n, @' (t) #0. (2.2)

In general, ¢(t) = at + b,a # 0. A semispray S on E has the form (see [2] and [11])

.9 . N 0
S=y‘a—xi—(2G‘+G5)a—yi, (2.3)
where
Lk (%L 9L i ax!
26" = Zgl (6yk 6xfy] 6xk)' y'= do ' (24)
Gl = 1 ik %L (2 5)
07 29 aykat - '

The pair of functions(Gi(x, y,t),Gi(x, y, t)), is the system of coefficients of the semisprey S. The
semisprey S is canonical as its coefficients depend on L only. Thus, for a rheonomic Lagrange space RL" there
is a canonical semispray S with coefficients (Gi(x, y,t),Gi(x,y, t)), of the form given by (2.4) and (2.5).

The integral of action of the Lagrangian L(x, y, t)along a smooth curve
c:[0,1] > M xR, I(c) = folL (x, % ,0) do leads, by virtue of variational calculus, to the Euler-Lagrange
equations (see [1], [2]and [11]): '
i(L)Ea—L.—i(a—L)=0 y"=d—xl (2.6)

axt  do \ayt do

For a pointu = (x,y,t) € E, consider the subspaces V,E = span (aiyi |u) and
Vi, oE = span (% | u) of T, E. Obviously,dimV,E = n and dim V,, , E = 1. Now, the distribution

V®Vy:u€E v V,E @V, F

is vertical. The horizontal distribution N : u —» N,, c T, E, complementary to the above-mentioned vertical
distribution, is a nonlinear connection on E. Thus, we have the following decomposition of the tangent space
T,E:

TLWE=N,®V,®V,, 2.7)
The adapted basis of the decomposition is (i =6 2= 5] 2= d ) where
p p Sxi — T 6yi - v 6yi - 0 )
ie . a
61' = ai - Nl]a] - Niao, ai = ﬁ (28)

The pair (Nij,Nj) is the system of coefficients of nonlinear connection N. For a semispray S of the
rheonomic Lagrange space RL" with coefficients (Gi(x, y,t),Gi(x,y, t))given respectively by (2.4) and (2.5),
there is a nonlinear connection N determined by only RL™. The coefficients of N are expressed by

N =5 2.9
and
N; = 9iGo (2.10)
which, in view of (2.4) and (2.5), take the form
j_ 19 [ in(_9% k_ 0L
Ni =359 (6yh axkY axh)] (211)

and
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_ 1 9%L

7~ 20yl ot (212)
The tangent vector field % of the curve
c:o €1 SR (x(0), y(o), t(o)) €E

on E is given by [1]

ac _ axls L 8y

= 0t 5 0q, a€f0,1,....,n} (2.13)
where

sy® _ay® o dxt 0_ N

do  do i dgg ’ Ny =N;.

a
The curve c is said to be horizontal if% =0.

A horizontal curve ¢ on E for which yi = ‘Z—":, is said to be parallel with respect to the nonlinear
connection N.

An N-linear connection DI'(N) = (L;’-k ,Cj"a), (a = 0,1i) for a rheonomic Lagrange space is said to be a
metrical N-linear connection if

Yijik = 0, Y 9yl =0 (2.14)

where ¢|” and | denote respectively the h — and v — covariant derivatives with respect to DT (N).
For given nonlinear connection N with coefficients given by (2.11) and (2.12), there exists a unique
metrical N-linear connection with coefficients given by [1].

. 1 .
ik = ;glh(5j9hk +6kgjn — 6hgjk)r (2.15)
. 1 . . . .

G = gglh(ajghk + 0k gjn — ahgjk)! (2.16)
. 1 . .

leo = Eglhaogjh (2.17)

In the present paper, we deal with a Lagrange space whose Langrangian L is a function

of a(x,y,t) and B (x,y,t) where a(x,y,t) = /ai]-(x, t)ylyJand B (x,y,t) = A;(x,t)y". Let us denote this
Langrangian by L. Thus

__ aFxyt)
L(x,y,t) = Tl (2.18)

The space (M,L(x, Y, t)) is called a rheonomic Lagrange space with Matsumoto metric. We shall
frequently use the following relations [14] for the product manifold TM x R:

3i0( = (Z_lyi , ala]a = a_lai]-(X. t) - a_3yiy]'| alﬁ = Ai(x) t)!alajﬁ = 0 (219)

where
Vi = aij(x. ty’.

For basic notations and terminology; we refer to the book [1].
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I11.  Semispray and Integral Curves
For any rheonomic Lagrange space, there is a family of semisprays with coefficients G¢ given by (2.4)
and with arbitrary coefficients G¢ [1] and [2]. We may consider the coefficients G§ of the form given by (2.5). In
this section, we obtain the coefficients of canonical semispray of a rheonomic Lagrange space with Matsumoto
metric, using equations (2.4) and (2.5). Nicolaescu, B. [15] obtained the coefficients G! of a Lagrange space
with Matsumoto metric as

2G'(x,y) = vi )y y* = A0, yIF )y 3.2)
with
L . . 1 (0A; 0A
Ax,y) = ﬁ : F!(x) = a™(x) F,; (%), Fyj = ;(ax—fl - a_x’})
oL a(a-2B) oL a?
P Rl e LB = — =
da  (a-p)? B (a—p)?
_ 2L _ 9% _ 2ap
Lao = daZ ~ (a-p)3 L“B T 9adp ~ (a-p)3 32)
2L 2a2

Lop = B~ @-p)®

Equation (3.1) can be extended to get the coefficients G(x, y, t) for a rheonomic
Lagrange space with Matsumoto metric:

2G'(x,y,t) = v (e, Oy y* — A(x, y, OF (x, t)y’ (3.3)
with
Ay, =2, Fi(x,t) = aih(x, )Fy; (x, ©),
—1(94 _o4n
th T2 (6xh 6xf)’ (34)

Here, Fy,; (x, t) is the electromagnetic tensor of the space L™ (M, L(a, [5’)) and y}'k (x, t) are the second
kind Christoffel symbols of a;;(x, t).
Now, differentiating (2.18) partially with respect to t, we have

oL _ 4  [ala—2p) a4
% =doa [(a_ 2]+ 008 (3.5)
Where a, = dya, Bo =008 .

Differentiating (3.5) partially with respect to y/, we get

bl =l ) )

2L 0%a a(a-2B) %8  a? {6 ala-2p) da 9 a(a-2B) 9B a?  da a2 aﬁ}
015, " 2 (2 A

a
aylat — ayiat (a-p)? ' dylat (a—p)? da (a—p)? 3yl ' 9B (a—p)? ayf} +Bo {E(a—wﬁ ap (a—p)2 dyJ

which in view of (2.19), yields

2

- B? 1(a—2p8) B a
m] Aj.O +a 2((1 2% y]) [(a — ﬁ)g —E (a — ﬁ)z:l - ((Z — ﬁ)3 [(Z (Z.OA}- + )’jﬁ.o] + (d——ﬁ):;Ajﬁ'O

20yiat

2@-p| Ttz

1 9%L [1 (a—2pB) 1[ a?

This gives
1 9%L 36
2oyiat P YjotpPi1djo+paayy;+ p—l()’jﬁ.o ta a_OA]-) + Po Bo4; (3.6)
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where
_1(a-2p) __a
T2@p? Po = tapy
1 a? B
PL=3 wpr P1= "5 37
_1 5 2p2 _ (a-2p)
P2=3% "apy ~ @p?
The metric tensor g;; of a Lagrange space with Matsumoto metric is given by [14]
9ij(x,y) = p a;j(x) + C;(; (3.8)
where
Ci=q-1yi + qo4; (3.9)
and q_, q, satisfy
po = (q0)* . P-1= qoq-1, p—2= (q-1)* (3.10)
9y (% y) = p a;(x) + poA (DA + p_y (Vi) + A1) + p-2yi; (3.11)
The inverse tensor g%/ of g,; is given by
(7 R S S S oy
g P [a eS¢ ] (3.12)
c? =alcic/ (3.13)

Equations (3.11) and (3.12) can be extended to obtain the expression for the tensor g;;and its inverse
gY for the rheonomic Lagrange space with Matsumoto metric:

9ij (6 y,t) = pa;;(x, t) + poA; (x, )A; (x, t) + p—1(yiAj + yin) + P_2YiY; (3.14)

1
c
p2(1+c?)

gl = %aif(x, t) — i) (3.15)

where C! satisfies conditions similar to (3.13) on E = TM x R.
in view of (3.6) and (2.5), we have

G = gy [P Yot pidjo tpaayy; + P—1()’j,3.0 +a a.OAj) + Py .B.oAj] (3.16)

where g¥ is given by (3.15).
Thus, we have:

Theorem 1:There is a semispray S of a rheonomic Lagrange space with Matsumoto metric which depends upon
the Lagrange space only and whose coefficients (G Hx,y,t),Gé(x, y, t)) are given by (3.3) and (3.16).

The integral curves of the semispray S are given by the Euler-Lagrange equations E;(L) = 0, which are
equivalent to [2] and [11]

d?x
do?

2 0)+ 64 (02 ,0)=0 (3.17)

d

i+Gi(x,

In view of (3.3) and (3.16), equation (3.17) takes the form
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dz?xt
do?

+ ¥ (6 0)yI YR — A(x,y, 0)F (x,0)y + 9" [pyj0 + prAjo + p-a @y y; + p_1(¥jBo + @ ao4;) + po BoA;] = 0

__dxj

j = ox
y=— (3.18)
i.e.
d? i . . . . ..
T TGy YR = A%y, 0)F (6, 0)y ~gY [p yjo + prdjo + p2@ o Y+ poi (B + @ @ ph;)+po Bods] (3.19)
ax
jo—ax!
y do

Thus, we have

Theorem 2:The integral curves of the semispray S of a rheonomic Lagrange space with Matsumoto metric are
given by the second order differential equations (SODE) (3.19).

IV.  Canonical Nonlinear Connection, Autoparallel Curves

In this section, we obtain the coefficients of a canonical non-linear connection N (N}, N;) for the
semispray S (discussed in the preceding section) of a rheonomic Lagrange space with Matsumoto metric
L" = (M, L(a, B)). We also obtain differential equation of the autoparallel curves with respect to this nonlinear
connection.

The coefficients of canonical nonlinear connection N for the semispray S are given by (2.11) and
(2.12). Nicolaescu [14] obtained the following form of the coefficients Nj" of the canonical nonlinear connection
for a Lagrange space with Matsumotometric.

Ni(x,y) = vi(yk - %A]’.‘F,i(x), (4.1)
where Af = A6f + :—;jy" with 2 given by (3.2).
The coefficients Nj" (x, y, t)for arheonomic Lagrange space with Matsumotometric can be written as

Ny, 6) = v (o )" = 22K (x,y, (. 1), (4.2)
where A/ (x, y,t) = A(x,y,t) 6f + %yk with A given by (3.4).
In view of (2.12) and (3.6), we get
N; = pYjo+pidjo + P2 o y; + pa (VB0 + @ aod)) + po Bod;. (4.3)

Where p, p; , p_,, p_, and p, are given by (3.7).

Theorem 3:  The coefficients of canonical nonlinear connection N produced by the semispray S of a rheonomic
Lagrange space with Matsumoto metric are given by (4.2) and (4.3).

The autoparallel curve with respect to the nonlinear connection N produced by a semispray of a
rheonomic Lagrange spaces are solution curves of the following differential equations (cf. [1]):

d2xt
dt?

+1\/}(x,%,t)%=o, M(x,j—f,t)j—’:+1=0 (4.4)

In view of (4.2) and (4.3), equations (4.4) take the form

d2xt
dt?

) ) . dxd
+ VG Oy Y =22y, OF () 1 2= 0,

dat
[P Yio T P1djo tpaagy; + p—l()’jﬁ.o ta a_OA]-)+p0 ﬁ.oAj] ﬁ +1=0 (45)
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Thus, we have:

Theorem 4: The autoparallel curves with respect to the nonlinear connection N produced by the semispray S of
a rheonomic Lagrange space with Matsumoto metric are solution curves of the system of differential equations
4.5).

V.  Canonical Metrical N-linear Connection
In this section we deal with the canonical metrical N-linear connection CT'(N) = (L]i-k ,Cjik , C-io)of a
rheonomic Lagrange space with Matsumoto metric and obtain its coefficients.
If we partially differentiate the quantities appearing in (3.7) with respect to x/ , y/ and t, we
respectively find the following sets of quantities:

1 1
0ip =5p—58 + p-1§;, 0;po = SH-1§; + HoG;
1 1
0ip-1 = Eﬂ—zfj + UG, 0ip—2 = E.U—sfj + UG, (5.1)
0;p = p_2y; + p-14; , 0jpo = H_1Yj + toA;,
3jp_1 = U2Yj + 114y, a]',0—2 = U-3Y; T U4, (5.2)
And
dop=aaop_y+Bop-1 Oopo = @ aoli_1 + HoPo
Qop_1 = @ agu_y + 1B, Qop—p = -3 @ g + B, (5.3)
where & =0a,..y"y5, (;=0A.y" Uo = Zlggp = i]
j j%rs r 5 jorY 0~ ,™BBB (a-p)t)’
1 _ —(a+2p) 1 _ _ _ 3B
Moy =50 Lapg =773 ' oy =50 (Laap = @ L) = @ {<a—ﬁ>4}
1 _ _ _ 3a 3 (a?+p%-4ap
uo3 =50 (Laga = 30 Log +3a72L) = Ea(oza——ﬁ)‘*a) (5.4)
Where
L _ 6a? L _ —2a(a+2pB) L _ 2B 6af
BBE — (a-py*' BB T (a-pyt BT @-p3 T (a-p)t
6 B2

baaa = =Gy
In view of (3.14), we have

2 Cinie = 0j9nk = aniedj p + AnAr0;po + (0;p-1)Snio WnAi} + p-1S i {anj A} + (8;p-2)ynyi + P—2S i {an;yi}.
(5.5)

where S, denotes the interchange of indices h and k and addition. Using (5.2) and (5.5), we get
2Cip = ahk(p—zyj + P—1Aj) + AhAk(#—ﬂ’j + #oAj) + (#—23’; + .u—lAj)e(hk){YhAk} + P—16(hk){athk}

+(M—3Yj + /i—zAj)YhYR + p—26(hk){ahjyk}! (5.6)
Applying (5.6) in (2.16), we obtain
Che = 5 9™ [ane (=2 + po14j) + AnAi (o1 + poAs) + (Ho2y) + Bo14)) S (VrAi)
+p—16(hk){athk} + (#—33’]' + #—2Aj)J’hJ’k + p—ZG(hk){ahjyk}] (5.7)
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Differentiating (3.14) partially with respect to t, we have
2 Cjpo = 309;’}1 = ajhaop + P Qjpo + AjAhaopo + pOG(hk){Aj.oAh} + (30.0—1)6(jh){}’j14h}
+p—16(jh){yj.0Ah + yjAh.O} + (aop—z)J’j)’h + p—ZG(jh){yj.Oyh}y
Which, in view of (5.3) becomes
2Ciho = ajp(p_zaay +p_y Bo) +p ano+AjA (g aay + g Bo) + poe(jh){Aj.oAh}
+uaay +u_q 5.0)6(;'}1){3’;'14}1} + p—16(jh){yj.oAh + yjAh.O}
+(usaay +u_yBo)yiynt p—26(jh){yj.0yh}! (5.8)
Using (5.8) in (2.17), we get
Cjio = %gih [ajn(p2 @ g +p_q1 Bo) +p ajno + AjA (- @ g + o Bo) + pOG(jh){Aj.oAh}
+ (g @ @y + py Bo)S(m AR} + P18 (VoA + ¥iAno)
+usaay +u_B0)Yiyn +p—26(jh){yj.0yh}]1 (5.9)
Differentiating (3.14) partially with respect to x/, we have
0i9nk = Xni§j + Yy + p Ojap, + pog(hk){Akaj Ap}+ P—1G(hk){yhajt4k + Ay 0; Yn)
+0_2S iy (Vn 0V} (5.10)

where
1
Xpie = ;(P—z apge + 1oy AnAr + B2 S A + Hos YY),

Yo = po1 Qi + HoAnAy + 11 S VnAi} + B2V nYi
Now from (2.8), we have &gy, = (8; — N7, — N;dy) gy, Which in view of (5.6), (5.8) and (5.10) yields
6;gnk = Xnk€j + Yakl; + p Ojap, + poe(hk){Akaj Ah} + P—1G5(hk){J’hajAk + A, 0; Yh}

+p—26(hk){yh ajyk} = 2N/ Cppe — 2 NiCyyo (5.11)

Similarly, we have
OxGjn = Xinék + Yinlx + p O, + poe(jh){Ajak Ah} + p—le(jh){yjakAh + Ap 0y Yj}
+0_28(m 1Y 0n} — 2 NiCrj, = 2 NieCjg (5.12)
and
Ongjk = Xjkén + YikCn + p Opayy + poe(jk){Ajah Ak} + p—le(jk){yjahAk + A0y Yj}

+0_28 ity 0V} — 2 Ni Crjie = 2 Ny G (5.13)
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Using (5.11)-(5.13) in (2.15), we have

Lix =P Vjk — 6(jk){ijcrlnk + Njclio} + N"™Cpjic — N'Cigo + Eglh[thfj + Xinéx — Xjén + Y

+Yin G — YiSn

+p0(Ah6(jk){ajAk} +2 6(jk){AkF}h}) + P—1()’n6(jk){ajAk} + Ahe(jk){ajyk} +2 6(jk){ku}h + Akth})

+p_2 (yhe(jk){aj J’k} +2 6(jk){J’ijh})] (5.14)

where

Nim = gihNm - N = gitN, | Kyn = %(akyh — OnYi)-

Thus, we have

Theorem 5: For a rheonomic Lagrange space with Matsumoto metric, endowed with a nonlinear
connection whose coefficients are given by (4.2) and (4.3), there is a unique canonical metrical n-linear
connection CT'(N) = (L, , Cf, , Cly ) with the coefficients given by (5.7), (5.9) and (5.14).
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