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Abstract:  The aim of this paper is to introduce the concept of  Intimate mapping in metric space and prove a 

lemma and a common fixed point theorem for six mappings with Intimate mappings.  
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I. Introduction 
In 1976, Jungk [2] gave common fixed point theorem for commuting maps, which generalizes 

Banach’s fixed point theorem. This result was further generalized and extended in various ways by many 

authors. On the other hand Sessa [9] defined commutativity and proved common fixed point theorems for 

weakly commuting maps. Further, Jungck [2] introduced more generalized commutativity, so called 

compatibility, which is more general than that of weak commutativity.  

Further, Kang-Cho-Jungck [4] and others extended the previous known results for commuting maps 

using compatible maps. Further Jungck-Murthy-P.P. and Cho [3] introduced the concept of compatible 

mappings of type (A) in metric space, which improved the results of various authors. Recently, Sahu, Dhagat 

and Srivastva [10] generalized the concept of compatible mappings of type (A) so called Intimate mappings.       

  In this chapter we shall prove a fixed point theorem for Intimate mappings in complete metric space 

which extend the results of Lohani and Badshah[5], Savita[11], Prasad[8], Pathak[7] and Jungck and Pathak . 

 

 Preliminaries: 
Definition (1) : The pair (A, S) is said to be compatible if                               

  0),(lim 


nn
n

SAxASxd whenever }{ nx   is a sequence in X s.t.   

  tSxAx n
n

n
n




limlim  for some tX. 

 

Definition (2) : The mappings A and S are said to be compatible of type (A) if   

  0),(lim 


nn
n

SSxASxd  and  

  0),(lim 


nn
n

AAxASxd  

Whenever }{ nx is a sequence in X , such that  tSxAx n
n

n
n




limlim  for some tX. 

Definition (3) : Let A and S be self maps of metric space (X, d). The pair {A,S} is said to be S-Intimate iff   

),(),( nnnn AxAAxdSxSAxd   where = lim sup or lim inf, }{ nx is a sequence in X such that  

tSxAx n
n

n
n




limlim  for some tX. 

EXAMPLE: Let X = {0, 1} with d(x,y) = yx   and A, S are self maps on X. Defined  

  Ax = 
2

2

x
   and   Sx = 

1

1

x
  for all x   [0, 1]  

  Now the sequence }{ nx  in X  defined by 
n

xn

1
 ,  n   N.  Then we have  

  1limlim 


n
n

n
n

SxAx  , then 
3

1
, nn AxASx   as n→∞ and 

2

1
, nn SxSSx  . 

Then clearly we have         

  nn
n

nn
n

xSSSxAxASx 


limlim . 

Thus {A, S} is A-intimate. 
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But 
6

1
, nn SSxASx   as n → ∞. 

Thus {A, S} is not compatible of type {A}. 

 

PROPOSITION (4): If the pair (A, S) is compatible of type (A) then it is both A and S-intimate. 

Proof: Since 

  ),(),(),( nnnnnn SxSSxdSSxASxdAxASxd   for nN.   

Therefore 

  ),(0.),( nnnn SxSSxdAxASxd    

Implies   ),(),( nnnn SxSSxdAxSAxd  , 

Whenever }{ nx  is a sequence in metric space X such that tSxAx n
n

n
n




limlim  for some t   X. 

Thus the pair {A, S} is S-intimate. 

Similarly, we can show that the pair {A, S} is A-intimate. But its converse need not be true. 
 

PROPOSITION (5) : A and S be self maps of a metric space (X, d), if the pair {A, S} is S-intimate and At = St 

= p   X for some t   X.  

Then d(Sp, p) ≤ d(Ap, p). 

Proof : Suppose nx = t   for all n ≥ 1 

              So      .pStAtSxAx nn   

Since the pair {A, S} is S-intimate then 

d(SAt, St) = ),(lim nn
n

SxSAxd


 

                 ),(lim nn
n

AxAAxd


  

                 = d(AAt, At) 

Implies     d(Sp, p)  ≤ d(Ap, p).         

                

Intimate mapping condition is more improved that the well known mappings conditions such as weakly 

commuting (Sessa , compatible (Jungck ), D-compatibility, Semi-compatibility (Cho, Sharma and Sahu]) and  

R-commutativity (Pant ). Infact, newly defined mapping is a generalization of the compatibility of type (A) 

mapping condition considered by Murthy, Chag, Cho and Sharma[6]. 

  The most important feature of intimate mapping condition is that for all the above said mapping pair, it 

is necessary to commute at coincidence point but for intimate mapping condition such necessity is not required 

i.e. the mapping pair does not necessarily commute at coincidence point. 
            Jungck([2]) introduced compatible mappings and obtained  several fixed point theorems for them. Later 

on Cho[1] , Murthy, Chang, Cho and Sharma[6], Jungck, Murthy and Cho[3] proved some common fixed point 

theorems for compatible mappings of type(A). Intimate mapping is a generalization of compatibility of type (A). 

   In 2003, Savita[11] improves the results of Lohani and Badshan[5] and gave the following theorem for 

four intimate mappings. 

Theorem A : Let A, B, S and T be mappings from a metric space (X, d) in to itself  satisfying: 

(1) A(X)T(X) and B(X) S(X) 

(2) The pair {A,S}is S-intimate and {B,T}is T-intimate, 

(3) S(X) is complete, 

(4) d(Ax,By)  



)],(),([

),(1

)],(1)[,(
ByTydAxSxd

TySxd

AxSxdByTyd
  

)],([)],(),([ TySxdAxTydBySxd    

(5) Where 0,,,  ,      220 < 1. Then A, B, S and T have a unique common fixed 

point in X. 
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[1.2] MAIN RESULTS: 
Firstly we prove a lemma: 

LEMMA 1 : [Singh and Meade-(1977)]: For every t > 0, (t) < t, if and only if 0)(lim 


tn

n
  where 

n denotes the n-times composition of  . 

LEMMA 2 : Let A, B, S, T, L and M be the six mappings from metric space   (X, d) in to itself such that 

(1.2.1) A(X)   T(X)  L(X)          and          B(X)  S(X)   M(X) 
 

(1.2.2)  d(Ax, By)    



)],(),([

)],(1[

)],(1)[,(
21 ByLydAxMxd

LyMxd

AxSxdByTyd
  

     



)],(),([

)],(1[

)],(1)[,(
43 AxTydTySxd

ByLyd

ByTydAxSxd
  

     
)],(1[

)],(1)[,(
)],(),([ 65

SxLyd

MxAxdByTyd
LyAxdByMxd




   

For all x, y in X where ,0,,, 6,543,21    and   

0  1654321   . 

Then for any arbitrary point 0x in X, by (1.2.1), there exists a point 1x X such that A 0x = T 1x = L 1x  and for 

this point 1x , we can choosen a point Xx 2 such that B 1x = S 22 Mxx  and so on. 

Inductively, we can defined a sequence { ny } in X such that  

(1.2.3)            nnnn AxLxTxy 212122        and 

                       12222212   nnnn BxMxSxy  , for  n = 0, 1, 2, 3,……………………. 

Then 0),(lim 1 


nn
n

yyd and { ny }is a Cauchy sequence in X. 

Proof : First, we show that 0),(lim 1 


nn
n

yyd , where { ny }is defined in (1.2.3) for Let us suppose that 

),( 1 nnn yydd , for  n = 0 , 1, 2, 3, ……………Now, we shall prove that the sequence }{ nd is non-

increasing in R


, i.e. nn dd 1   for n = 1, 2, 3, ….. 

By using (1.2.1), we have  

 ),( 1222  nnn yydd  

         

       = ),( 122 nn BxAxd  

 

)],(1[

)],(1)[,(
)],(),([     

)],(),([
),(1

)],(1)[,(
     

)],(),([
)],(1[

)],(1)[,(

212

221212

61221225

2121224

1212

121222

3

1212222

122

221212

1

nn

nnnn

nnnn

nnnn

nn

nnnn

nnnn

nn

nnnn

SxLxd

MxAxdBxTxd
LxAxdBxMxd

AxTxdTxSxd
BxLxd

BxTxdAxSxd

BxLxdAxMxd
LxMxd

AxSxdBxTxd
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),(1[

)],(1)[,(
)],(),([   

)],(),([
)],(1[

)],(1)[,(
    

)],(),([
)],(1[

)],(1)[,(

122

122122

6222125

222124

122

122212

3

1222122

212

212122

1



































nn

nnnn

nnnn

nnnn

nn

nnnn

nnnn

nn

nnnn

yyd

yydyyd
yydyyd

yydyyd
yyd

yydyyd

yydyyd
yyd

yydyyd







 

 

),(0.),(   

),(),()],(),(

122652124

2123212212221221









nnnn

nnnnnnnn

yydyyd

yydyydyydyyd




 

 

),()(),()( 212432122621 nnnn yydyyd     

 

),()(),()1( 212432122621 nnnn yydyyd     

 

),(
)1(

)(
),( 212

621

432

122 nnnn yydyyd 








 

 

12

621

432

2
)1(

)(





 nn dd



  

122  nn hdd               Where   12

621

432

)1(

)(





 ndh




, Now 

).,(.............),(),( 1011 yydhyyhdyyd n

nnnn    

           

                 ),().......................1( 1

12



 nn

p yydhhh  

 

For every integer p>0, we get  

),(.....................),(),(),( 1211 pnpnnnnnpnn yydyydyydyyd    

                 ),()..................1( 1

12



 nn

p yydhhh  

In general we have  

),(
1

),( 10 yyd
h

h
yyd

n

pnn


  

   0
1

d
h

h
d

n

n


  , which implies that if 0d >0 then by lemma (1) we have  

0)(
1

lim 0 


d
h

hn

n
.   Therefore, it follows that  

,0lim 


n
n

d   for  00 d  

Since }{ nd is non-decreasing, we have clearly 

0),(limlim 1  


nn
n

n
n

yydd . 

Now we shall prove that }{ ny is a Cauchy sequence in X. 

Since ,0lim 


n
n

d  it is sufficient to show that a subsequence }{ 2ny of }{ ny is a Cauchy sequence in X. 
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Suppose that the sequence }{ 2ny is not Cauchy sequence in X. Then there exists a number   > 0 and stricktly 

increasing sequence }{ km , }{ kn of positive integers such that  

                                        ),( 22 kk mn yyd                                                                      …… (1.2.4)  

  

For each even integer 2k, let km2  be the least even integer exceeding kn2  satisfying (1.2.4),  i.e. 




 ),(
222 kk mn yyd   and   ),( 22 kk mn yyd                      …… (1.2.5) 

Then for each even integer 2k , we have  

  ),(    22 kk mn yyd  

     ),(),(),( 222222 1122 kkkkkk mmmmmn yydyydyyd


  

 

Then by (1.2.4) we have  

  ),( 22 kk mn yyd     as k→∞                                   ……(1.2.6) 

By the triangular inequality, we have  

),(),(),( 222222 11 kkkkkk mmmnmn yydyydyyd


  

And 

),(),(),(),(
1111 22222222 


kkkkkkkk nnmmmnmn yydyydyydyyd , 

then by (1.2.5) and (1.2.6) we have as k→∞ 

d( 


 ),(
122 kk mn yy     and   


 ),( 22 1 kk mn yyd .                                    …….. (1.2.7) 

 

Thus by (1.2.2) we have 

d ),(),(
11 2222 


kkkk nmnm BxAxdyy      

)](1[

)],(1)[,(
)],(),([   

)],(),([
)],(1[

)],(1)[,(
   

)],(),([
)],(1[

)],(1)[,(
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AxTxdTxSxd
BxLxd

BxTxdAxSxd

BxLxdAxMxd
LxMxd

AxSxdBxTxd
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Using (1.2.4), (1.2.6) and (1.2.7) and taking k → ∞ we have 

 

 )(    654321   
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Since 1)( 654321     

Therefore  

  as k→∞, which is a contradiction. Therefore }{ 2ny is a Cauchy sequence in X and so is }{ ny .This 

completes the proof. 

 

Theorem 1 : Let A, B, S, T, L and M be mappings from a metric space (X, d) in to itself satisfying 

(1.2.1),(1.2.2),(1.2.3) and the following: 

(1.2.4) The pair {A,S} is S-intimate ,{B,T} is T-intimate and  

(1.2.5) S(X) and M(X) are complete. 

Then A, B, S, T, L and M have unique common fixed point in X. 

 

Proof :  By Lemma(2) we can observe that the sequence }{ ny defined in (1.2.3) is a Cauchy sequence in X. 

Since S(X) and M(X) are complete and }{ 2nSx and  }{ 2nMx  is Cauchy. 

Then it converges to a point p = Su = Mu for some u in X. Then pyn   and 

Hence       pLxTxBxMxSxAx nnnnnn  121212222 ,,,,,  

Now from (1.2.2) we have 

 ),( 12nBxAud   

           

                 

)](1[

)],(1)[,(
)],(),([   

)],(),([
)],(1[

)],(1)[,(
    

)],(),([
)],(1[

)],(1)[,(

12

1212

612125

12124

1212

1212

3

12122

12

1212

1

SuLxd

MuAudBxTxd
LxAudBxMud

AuTxdTxSud
BxLxd

BxTxdAuSud

BxLxdAuMud
LxMud

AuSudBxTxd

n

nn

nn

nn

nn

nn

nn

n

nn









































 

Taking limit as n   we obtain 

 

),( pAud  

)],(1[

)],(1)[,(
)],(),([)],(),([    

)],(1[

)],(1)[,(
)],(),([

)],(1[

)],(1)[,(

654

321

ppd

pAudppd
pAudppdAupdppd

ppd

ppdAupd
ppdAupd

ppd

Aupdppd





















 

 

  ),( pAud ),()( 5432 pAud   

                

    < d(Au, p),     since  1)( 654321    

 

Which is a contradiction.  

 

Hence              Au = p. 

 

Since A(X)   T(X)  L(X), there exist v X  such that  

 
Tv = Lv = p 

 

Hence from (1.2.2) 
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),(),( BvAudBvpd                                                                                                                                                                                                                                                                                                                          
 

)],(1[

)],(1)[,(
)],(),([)],(),([    

)],(1[

)],(1)[,(
)],(),([

)],(1[

)],(1)[,(

654

321

SuLvd

MuAudBvTvd
LvAudBvMudAuTvdTvSud

BvLvd

BvTvdAuSud
BvLvdAuMud

LvMud

AuSudBvTvd





















 

   

)],(1[

)],(1)[,(
)],(),([)],(),([   

)],(1[

)],(1)[,(
)],(),([

)],(1[

)],(1)[,(

654

321

ppd

ppdBvpd
ppdBvpdppdppd

Bvpd

Bvpdppd
Bvpdppd

ppd

ppdBvpd





















 

  ),( Bvpd ),()( 6521 Bvpd   

),( Bvpd  ),( Bvpd ,      since  1)( 654321    

 
Which is a contradiction. 

Hence,   p = Bv. 

Since Au = Su = Mu = p and the pair {A,S}is S-intimate , 

 

We have  ),(),( 2222 nnnn AxAAxdSxSAxd   

 

),(),( pApdpSpd  . 

 

Suppose Ap   p, 

Then from (1.2.2) we have 
d(Ap, p) = d(Ap, Bv)         

 

)],(1[

)],(1)[,(
)],(),([)],(),([   

)],(1[

)],(1)[,(
)],(),([

)],(1[

)],(1)[,(

654

321

SpLvd

MpApdBvTvd
LpApdBvMpdApTvdTvSpd

BvLvd

BvTvdApSpd
BvLvdApMpd

LvMpd

ApSpdBvTvd





















 

)],(1[

)],(1)[,(
)],(),([)],(),([   

)],(1[

)],(1)[,(
)],(),([

)],(1[

)],(1)[,(

654

321

Sppd

MpApdppd
pApdpMpdAppdpSpd

ppd

ppdApSpd
ppdApMpd

pMpd

ApSpdppd





















 

 

       

)],(1[

)],(1)[,(
)],(),([)],(),([   

)],(1[

)],(1)[,(
)],(),([

)],(1[

)],(1)[,(

654

321

Appd

ApApdppd
pApdpApdAppdpApd

ppd

ppdApApd
ppdApApd

pApd

pApdppd





















 

),( pApd ),()(2 54 pApd  ,                         

    

),(),( pApdpApd  , which is a contradiction 

 



                 Fixed Point With Intimate Mappings 

www.iosrjournals.org                                                           18 | Page 

So,                           Ap = p  

 

Hence                        Sp = p  and   Mp = p 

 

Similarly, Since {B, T} is T-intimate. Then we have  

),(),( 12121212   nnnn BxBBxdTxTBxd  

Taking limit n   d(Tp, p) ≤ d(Bp, p)    

 

Suppose Bp  p then from (1.2.2) 
 

d(p, Bp) = d(Ap, Bp)       

                               

)],(1[

)],(1)[,(
)],(),([)],(),([   

)],(1[

)],(1)[,(
)],(),([

)],(1[

)],(1)[,(

654

321

SpLpd

MpApdBpTpd
LpApdBpMpdApTpdTpSpd

BpLpd

BpTpdApSpd
BpLpdApMpd

LpMpd

ApSpdBpTpd





















 

                                                                                    

)],(1[

)],(1)[,(
)],(),([)],(),([   

)],(1[

)],(1)[,(
)],(),([

)],(1[

)],(1)[,(

654

321

pBpd

ppdBpBpd
BppdBppdpBpdBppd

BpBpd

BpBpdppd
BpBpdppd

Bppd

ppdBpBpd





















 

),( Bppd ),()(2 54 Bppd     , since  1)( 654321    

2

1
)( 54   

),(),( BppdBppd  ,         which is a contradiction  

 

Therefore   Bp = p.  Hence Tp = p and Lp = p 

Hence p is a common fixed point of A, B, S, T, L and M. 

 

Now we prove the uniqueness of fixed point p. 

Suppose  q  be another common fixed point of A, B, S, T, L and M  
 

Then from (1.2.2), we have  

   

d(p, q) = d(Ap, Bq)                                               

           

)],(1[

)],(1)[,(
)],(),([)],(),([   

)],(1[

)],(1)[,(
)],(),([

)],(1[

)],(1)[,(

654

321

SpLqd

MpApdBqTqd
LqApdBqMpdApTqdTqSpd

BqLqd

BqTqdApSpd
BqLqdApMpd

LqMpd

ApSpdBqTqd





















 

   ),( qpd ),()(2 54 qpd   

     ),( qpd ),( qpd , 

 

Which implies that p = q. 

This completes the proof of theorem. 
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