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Abstract: Solution of polynomial plays fundamental role in the solution of characteristics differential equation 

to many physical problems. It has been found that Galois Theory can be used to determine the solvability of 

polynomials over a field by radicals. That is ‘’if a polynomial is solvable by radicals, then the automorphism 

group of its splitting field must be a solvable group.’’ Field theory is connected with Group theory. 
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I. Introduction 
We first need some definitions about field extensions. A field 𝐹 is an extension field of a field 𝐾. 

Provided that 𝐾 ⊆ 𝐹, the operations of 𝐾 are those of 𝐹 restricted to 𝐾.𝐹will be an extension of a field 𝐾 and 𝐸 

an intermediate field. A field 𝐹 is said to be a finite dimensional extension of a field 𝐾 provide[𝐹:𝐾] is finite. 

Similarly, 𝐹 is said to be an infinite dimensional extension of 𝐾 if [𝐹:𝐾] is infinite see Fraleigh [1]. 

Let 𝑢 ∈ 𝐹 then 𝑢 is said to be algebraic over 𝐾 provided that 𝑢 is a root of some non zeropolynomial𝑓 ∈ 𝐾[𝑥]. 
The element 𝑢 is said to be transcendental over K if 𝑢 is not a root of any non zero𝑓 ∈ 𝐾[𝑥].Furthermore, we 

say that 𝐹 is an algebraic extension of 𝐾 provided every element of 𝐹 is algebraic over 𝐾; on the other hand, 𝐹 

is a transcendental extension provided there exists at least one element of 𝐹 is a transcendental over 𝐾 see J.S 

Milne[3]. 

For an algebraic element 𝑢 ∈ 𝐾[𝑥] of degree 𝑛 ≥ 1 is called the irreducible or minimal polynomial of 𝑢 

provided 𝑓 meet the conditions. 

1. 𝑓 𝑢 = 0 

2. 𝑔 𝑢 = 0if and only if 𝑓 divides 𝑔 where 𝑔(𝑥) ∈ 𝐾[𝑥]. 
Suppose that 𝐾 is a finite normal extension of the field 𝐹, which is of characteristics zero. There is a one-to-one 

order reversing correspondence between fields 𝐸 with 𝐹 ⊆ 𝐸 ⊆ 𝐾 and the subgroups 𝐻of 𝐺𝑎𝑙(
𝐾

𝐹
). We can 

describe this correspondence by two maps that are inverses of one another: namely, we have 

𝐸 ↦ 𝐺𝑎𝑙(
𝐾

𝐸
) 

And  
𝐻 ↦ 𝐹𝑖𝑥(𝐻) 

Now, an intermediate field 𝐸 is a normal extension of 𝐹 if and only if the Galois group 𝐺𝑎𝑙(
𝐾

𝐸
)is a normal 

subgroup of𝐺𝑎𝑙(
𝐾

𝐹
). Furthermore, see Hungerford [2] the Galois group 𝐺𝑎𝑙(

𝐾

𝐹
) is isomorphic to  

𝐺𝑎𝑙(
𝐾

𝐹
)

𝐺𝑎𝑙(
𝐾

𝐸
)

  

We now have the theory in place to prove that the general fifth degree polynomial equation cannot be solved by 

radicals. A radical extension of a field 𝐹 is a simple algebraic extension 𝐹(𝛽)where 𝛽2𝜖𝐹, for some integer 

𝑛 ≥ 2. A sequence of radical extensions: see Surjeet Singh, QaziZameeruddin [4]  

𝐹 = 𝐹0 ⊂ 𝐹1 = 𝐹0 𝛽1 ⊂ 𝐹2 = 𝐹1 𝛽2 …𝐹𝑁 = 𝐹𝑁−1(𝛽𝑁) 

Where at each stage 𝛽𝑖
𝑛𝑖 ∈ 𝐹𝑖−1 is called a root tower over 𝐹 and the last field 𝐹𝑁 is an extension of 𝐹 by 

radicals. If 𝑓 ∈ 𝐹[𝑥] has a splitting field contained in an extension of 𝐹 by radicals, we say that 𝑓 is solvable by 

radicals. 

Definition 

A polynomial 𝑓(𝑥) in 𝐹[𝑥] is solvable by radicals over 𝐹 if all its roots are in 𝐹(𝛼1 ,𝛼2 ,…𝛼𝑛 ), where for each 𝑖, 

𝛼𝑖

𝐾𝑖  is in 𝐹(𝛼1 ,𝛼2 ,…𝛼𝑖−1), for some positive integer𝐾𝑖 . See Fraleigh[1] 

Definition 

Let 𝐾 be a field, let𝑓(𝑥) ∈ 𝐾[𝑥], and let 𝐹 be a splitting field for 𝑓 𝑥 over 𝐾. Then 𝐺𝑎𝑙  
𝐹

𝐾
  is called the Galois 

group of 𝑓(𝑥)over 𝐾, or the Galois group of the equation 𝑓 𝑥 = 0 over 𝐾. 
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Theorem  

Let 𝑓(𝑥) be a polynomial over a field 𝐾 of characteristic zero. The equation 𝑓 𝑥 = 0 is solvable by radicals if 

and only if the Galois group of 𝑓(𝑥) over 𝐾 is solvable. 

 

Proposition 

If 𝐻 is a subgroup of 𝑠𝑦𝑚(𝑝) containing both a transposition and the 𝑝 − 𝑐𝑦𝑐𝑙𝑒then 𝐻 = 𝑠𝑦𝑚(𝑝). Here 𝑃 

denotes a prime. 

Proof 

Assume that the transposition is (12). The notation of the 𝑝 − 𝑐𝑦𝑐𝑙𝑒 can be cycled so that it read (1𝑎𝑏… ) ; 

taking an appropriate power, we can assume the 𝑝 − 𝑐𝑦𝑐𝑙𝑒 is (𝑞2𝑐𝑑… ), and we may as well reliable the last 

elements in order. 

First  12  123…𝑝 = (23…𝑝) is in 𝐻. Then  23 …𝑝  12  23…𝑝 −1 =  13  is in 𝐻, as are 

 23…𝑝 𝑘 12  23…𝑝 −𝑘 = (1, 𝑘 + 1). Hence  12  13 ,… ,  1𝑘 ,… (1𝑝) are all in 𝐻. Then  1𝑘  1𝑗  1𝑘 =
(𝑘𝑗) is in 𝐻 for all 𝑘and 𝑗. Any cycle  𝑎𝑏𝑐… 𝑙 =  𝑎𝑙 … (𝑎𝑐)(𝑎𝑏) is now also is a product of disjoint cycles, 

and all the cycles are in 𝐻, we have 𝑠𝑦𝑚 𝑝 = 𝐻. 

Theorem 

The general equation of degree 5 or higher is not solvable by radicals. This is true, in particular, over the field 𝑄. 

Example 1 

Any Abelian group 𝐺 is solvable. Now 𝐺 > 𝑒 is a normal series of 𝐺 and its only factor group is 
𝐺

𝑒
, which being 

isomorphic to 𝐺 is commutative. See J.S Milne[3] 

Example 2 

Consider the series 𝑆3 > 𝐴3 > 1 its factor groups are 
𝑆3

𝐴3
 and 𝐴3 which are of orders 2 and 3 respectively. Since 

any group of prime order is commutative, it follows that both the factor groups are commutative. Hence 𝑆3 is 

solvable. See (Surjeet Singh, QaziZameeruddin[4]) 

Example 3 

Consider           𝑆4 > 𝐴4 > 𝑉4 > 1,  

a subnormal series of 𝑆4, where 𝑉4 = {𝐼,  12  34 ,  13  24 ,  14  23 }. Its factor groups are 
𝑆4

𝐴4
,   

𝐴4

𝑉4
,  and 𝑉4 

which are of order 2, 3 and 4 respectively. 

Example 4 

The group 𝑆5 is not solvable, for since 𝐴5 is simple, the series 1 < 𝐴5 < 𝑆5 is a composition series, and 
𝐴5

1
, 

which is isomorphic to 𝐴5, is not abelian.  

 

II. Conclusion 
The fact in (examples above) is closely connected with the fact that a polynomial equation of degree 5 

see (Surjeet, Singh, QaziZameeruddin [4]) is not in general solvable by radicals, but a polynomial equation of 

degree ≤ 4 is. See Hungerford [2] 

We can see Group theory is connected with field theory using this ideal of Galois Theory. The general 

fifth degree polynomial equation in one indeterminate is not solvable by radicals over the field of rational 

numbers and polynomial equations of degree≤ 4 are solvable by radicals. 
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