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Abstract: The present paper is devoted to the study of the compositions of operator of generalized 

function 𝑮𝝆,𝜼,𝜸 𝒂,𝒛  defined in  1  and their applications. The compositions with Riemann-Liouville fractional 

integral and differential operator are also derived. As applications of our main-results some known results for 

generalized Mittag-Leffler function due to Kilbas et al. 2 𝑎𝑟𝑒 𝑐𝑖𝑡𝑒𝑑. The results involving the R-function  3  are 

also obtained as special cases of our main findings.  
Key words: Generalized function, R-function, Generalized Mittag-Leffler function, Riemann-Liouville 

fractional calculus, Generalized fractional integral operators. 

 

I. Introduction and definitions: 
The Riemann-Liouville fractional integral 𝐼𝑎+

𝛼  and fractional derivative 𝐷𝑎+
𝛼  of order 𝛼 are defined by 

 4 ,  6 : 

    𝐼𝑎+
𝛼  𝛹  𝑥 =

1

𝛤 𝛼 
  

𝛹 𝑡 

 𝑥−𝑡 1−𝛼

𝑥

𝑎
 𝑑𝑡,  𝛼𝜖𝐶,𝑅𝑒 𝛼 > 0    ..(1.1) 

And 

    𝐷𝑎+
𝛼  𝛹  𝑥 = 

𝑑

𝑑𝑥
 
𝑛
 𝐼𝑎+

𝑛−𝛼  𝛹  𝑥 ,     ..(1.2) 

Where (𝛼𝜖𝐶,𝑅𝑒 𝛼 > 0; 𝑛 =  𝑅𝑒 𝛼  + 1) respectively. The special G and R – Function are defined by 

[2,p.15,eqn.(10.1);4,p.1,eqn.(1.2)] (see also [3]: 

  𝐺𝜌 ,𝜂 ,𝑟 𝑎, 𝑧 = 𝑧𝑟𝜌−𝜂−1     
 𝑟 𝑛  𝑎𝑧𝜌  𝑛

𝛤 𝑛𝜌+𝜌𝑟 −𝜂  𝑛!
∞   
𝑛=0   ,𝑅𝑒 𝜌𝑟 − 𝜂 > 0,    ..(1.3) 

         At r=1, and z replaced by (z – c) it reduces to  

    𝑅𝜌 ,𝜂  𝑎, 𝑐, 𝑧 = (𝑧 − 𝑐)𝜌−𝜂−1  
[𝑎 𝑧−𝑐 𝜌 ]𝑛

𝛤 𝑛𝜌+𝜌−𝜂  
∞
𝑛=0  , 𝜌 ≥ 0, 𝜌 ≥ 𝜂,  ..(1.4)                                                                                                                                     

The generalized Mittag-Leffler function defines by [4]: 

 𝐸𝜌 ,𝜇
𝛾  𝑧 =  

 𝛾 𝑘𝑧
𝑘

𝛤 𝜌𝑘 +𝜇 𝑘!

∞
𝑘=0  , (𝜌,𝜇, 𝛾𝜖𝐶,𝑅𝑒(𝜌) > 0,      ..(1.5)   

  Where at 𝛾 = 1,  𝐸𝜌 ,𝜇
1  𝑧    coincides with the classical Mittag-Leffler function 𝐸𝜌 ,𝜇  𝑧  and in particular 

𝐸1,1 𝑧 = 𝑒𝑧  and when 𝜌 = 1 it coincides with Kummer’s confluent hyper geometric function ∅ 𝛾,𝜇; 𝑧  with 

the exactness to the constant multiplier [ 𝛤 𝜇  ]-1. 

 

II. Some  properties of function  𝑮𝝆,𝜼,𝜸 𝒂,𝒛  
For 𝜌, 𝜂,𝛾, 𝜔, 𝜎,𝑞, 𝛼𝜖𝐶, (𝑅𝑒 𝜌 , 𝑅𝑒 𝜂 , 𝑅𝑒 𝑞 , 𝑅𝑒(𝛼) > 0) and n ∈ 𝑁 there hold the following properties  

for the special function  𝐺𝜌 ,𝜂 ,𝛾  𝑎, 𝑧  defined in (1.3). 

Property-1 

  
𝑑

𝑑𝑧
 
𝑛

[ 𝐺𝜌 ,𝜂 ,𝛾 𝜔, 𝑧 ] =    𝐺𝜌 ,𝜂+𝑛 ,𝛾 𝜔, 𝑧 ,         ..(2.1)                                               

Property-2 

     𝐺𝜌 ,𝜂 ,𝛾  𝜔, (𝑥 − 𝑡) 
𝒙

𝟎
 𝐺𝜌 ,𝑞 ,𝜎  𝜔, 𝑡 𝑑𝑡 =  𝐺𝜌 ,𝜂+𝑞 ,𝛾+𝜎  𝜔,𝑥 ,     ..(2.2) 

Property-3 

   𝐼𝑎+
𝛼   𝐺𝜌 ,𝜂 ,𝛾  𝜔,  𝑡 − 𝑎   (𝑥)=  𝐺𝜌 ,𝜂−𝛼 ,𝛾  𝜔,  𝑥 − 𝑎  ,  𝑥 > 𝑎 ,   ..(2.3) 

Property-4 

   𝐷𝑎+
𝛼   𝐺𝜌 ,𝜂 ,𝛾  𝜔,  𝑡 − 𝑎   (𝑥)=  𝐺𝜌 ,𝜂+𝛼 ,𝛾  𝜔,  𝑥 − 𝑎  ,  𝑥 > 𝑎 ,  .. (2.4) 

 

III. Compositions of the operator  (𝐆𝛒,𝛈,𝛄,𝛚;𝐚+𝚿)(𝐱) and the Inversion formula 

Let 𝜌,𝜂,𝛾, 𝜔,𝜎,𝑞,𝛼𝜖𝐶, (𝑅𝑒 𝜌 ,𝑅𝑒 𝜂 ,𝑅𝑒 𝑞 ,𝑅𝑒(𝛼) > 0) then the following results hold for 𝛹 ∈ 𝐿 𝑎 ,𝑏 .   
Result-1 

    𝐺𝜌 ,𝜂 ,𝛾 ,𝜔 ;𝑎+ (𝑡 − 𝑎)𝛽−1  𝑥 =  𝛤 𝛽  𝐺𝜌 ,𝜂−𝛽 ,𝛾  𝜔,  𝑥 − 𝑎  ,   ..(3.1) 
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Result-2 

  𝐼𝑎+
𝛼  𝐺𝜌 ,𝜂 ,𝛾 ,𝜔 ;𝑎+𝛹 =   𝐺𝜌 ,𝜂−𝛼 ,𝛾 ,𝜔 ,𝑎+𝛹 =   𝐺𝜌 ,𝜂 ,𝛾 ,𝜔 ;𝑎+𝐼𝑎+

𝛼 𝛹 ,  .. (3.2) 

Result-3 

 𝐷𝑎+
𝛼  𝐺𝜌 ,𝜂 ,𝛾 ,𝜔 ;𝑎+𝛹 =   𝐺𝜌 ,𝜂+𝛼 ,𝛾 ,𝜔 ,𝑎+𝛹 ,              ..(3.3) 

Holds for any continuous function 𝛹 ∈ 𝐶 𝑎 ,𝑏 . 
Result-4 

 𝐺𝜌 ,𝜂 ,𝛾 ,𝜔 ;𝑎+ 𝐺𝜌 ,𝑞 ,𝜎 ,𝜔 ;𝑎+𝛹 =   𝐺𝜌 ,𝜂+𝑞 ,𝛾+𝜎 ,𝜔 ,𝑎+𝛹 ,   .. (3.4) 

Result-5 

    𝐺𝜌 ,𝜂 ,𝛾 ,𝜔 ;𝑎+ 𝐺𝜌 ,𝑞 ,−𝛾 ,𝜔 ;𝑎+𝛹 = 𝐼𝑎+
−(𝜂+𝑞)

 𝛹,    .. (3.5) 

Result-6  

Let  𝐺𝜌 ,𝜂 ,𝛾 ,𝜔 ;𝑎+ is invertible in the space L (a, b) and for  𝛹 ∈ 𝐿 𝑎 , 𝑏 , 

    (𝐺𝜌 ,𝜂 ,𝛾 ,𝜔 ;𝑎+𝛹)(𝑥) = 𝑓 𝑥 , 𝑎 ≤ 𝑥 ≤ 𝑏,  then 

      𝐺𝜌 ,𝜂 ,𝛾 ,𝜔 ;𝑎+ 
−1

𝑓  𝑥 = 𝐷𝑎+
−(𝜂+𝑞)

 (𝐺𝜌 ,𝜂 ,−𝛾 ,𝜔 ;𝑎+𝑓)(𝑥),   .. (3.6) 

Outline of proof: 
To prove the result in (4.1), we denote its LHS by ∆4  i.e. 

   ∆4 =   𝐺𝜌 ,𝜂 ,𝛾 ,𝜔 ;𝑎+ (𝑡 − 𝑎)𝛽−1  𝑥   

Now making use of definition (1.2) and (1.3) and then term-by-term integration and with the help of Beta 

integral we at once arrive at the result (3.1) on using (1.3) therein. 

To prove the result in (3.2), we denote its LHS by ∆5  i.e. ∆5 =  𝐼𝑎+
𝛼  𝐺𝜌 ,𝜂 ,𝛾 ,𝜔 ;𝑎+𝛹  𝑥   

Use the definition (1.1) and (1.3) and applying Dirichlet formula for 𝑥 > 𝑎 we have: 

   ∆5 =    𝐼𝑎+
𝛼   𝐺𝜌 ,𝜂 ,𝛾  𝜔, 𝜏   (𝑥 − 𝑡) 

𝑥

𝑎
𝛹 𝑡 𝑑𝑡  

Now on using the relation (2.3) we at once arrive at the desired result in (3.2).The second relation of (3.2) is 
proved similarly. 

To prove the result in (3.3), we denote its LHS by ∆6  i.e. ∆6 = (𝐷𝑎+
𝛼  𝐺𝜌 ,𝜂 ,𝛾 ,𝜔 ;𝑎+𝛹)(𝑥)  

Now using the definition (1.2) and the result in (3.2) we have  ∆6 =   
𝑑

𝑑𝑥
 
𝑛

( 𝐺𝜌 ,𝜂−𝑛+𝛼 ,𝛾 ,𝜔 ;𝑎+𝛹)(𝑥) 

On applying (1.3) and (2.1) we at once arrive at the desired result in (3.3) in accordance with the definition 
(1.3). 

To prove the result in (3.4), we denote its LHS by ∆7  i.e. ∆7 =   𝐺𝜌 ,𝜂 ,𝛾 ,𝜔 ;𝑎+ 𝐺𝜌 ,𝑞 ,𝜎 ,𝜔 ;𝑎+𝛹 (𝑥)   

Now using the definition (1.3) we have  

   ∆7 =     𝐺𝜌 ,𝜂 ,𝛾  𝜔,𝑥 − 𝑡 − 𝜏  𝐺𝜌 ,𝑞 ,𝜎  𝜔, 𝜏 
𝑥−𝑡

0
𝑑𝜏 

𝑥

𝑎
𝛹(𝑡)𝑑𝑡  

On evaluating the inner integral with the help of (2.2) and then with the help of (1.3) we at once arrive at the 
desired result in (3.4). 

The result in (3.5) is obtained by taking 𝜎 = −𝛾 in (3.4) and in view of the relation (1.3). 

To prove the inversion formula in (3.6), let   𝐺𝜌 ,𝜂 ,𝛾 ,𝜔 ;𝑎+𝛹  𝑥 = 𝑓(𝑥)  

Operating  𝐺𝜌 ,𝑞 ,−𝛾 ,𝜔 ;𝑎+ on both the sides we have: 

    (𝐺𝜌 ,𝑞 ,−𝛾 ,𝜔 ;𝑎+ 𝐺𝜌 ,𝜂 ,𝛾 ,𝜔 ;𝑎+𝛹) 𝑥 =  (𝐺𝜌 ,𝑞 ,−𝛾 ,𝜔 ;𝑎+𝑓)(𝑥)  

On using the result (3.5)  

    𝐼𝑎+
− 𝜂+𝑞 

 𝛹  𝑥 =   𝐺𝜌 ,𝑞 ,−𝛾 ,𝜔 ;𝑎+𝑓  𝑥   

Now on operating 𝐷𝑎+
− 𝜂+𝑞 

 on both the sides, it gives 

    𝐷𝑎+
− 𝜂+𝑞 

𝐼𝑎+
− 𝜂+𝑞 

 𝛹  𝑥 =   𝐷𝑎+
− 𝜂+𝑞 

𝐺𝜌 ,𝑞 ,−𝛾 ,𝜔 ;𝑎+𝑓  𝑥   i.e.  

Ψ 𝑥 =    𝐺𝜌 ,𝜂 ,𝛾 ,𝜔 ;𝑎+ 
−1

𝑓  𝑥 =   𝐷𝑎+
− 𝜂+𝑞 

𝐺𝜌 ,𝑞 ,−𝛾 ,𝜔 ;𝑎+𝑓  𝑥  

 Which is the result in (3.6). 

Now let     𝐺𝜌 ,𝜂 ,𝛾 ,𝜔 ;𝑎+ 
−1

𝑓  𝑥 =   𝐷𝑎+
− 𝜂+𝑞 

𝐺𝜌 ,𝑞 ,−𝛾 ,𝜔 ;𝑎+𝑓  𝑥 ,  then 

   𝐺𝜌 ,𝜂 ,𝛾 ,𝜔 ;𝑎+ 
−1

  𝐺𝜌 ,𝜂 ,𝛾 ,𝜔 ;𝑎+ 𝑓  𝑥 = 𝐷𝑎+
− 𝜂+𝑞 

𝐼𝑎+
− 𝜂+𝑞 

𝑓(𝑥) = 𝑓(𝑥)  

This completes the proof of inversion formula (3.6). 

 

IV. Applications 
If we replace 𝜂 𝑏𝑦 𝜌𝛾 − 𝜇 𝑎𝑛𝑑 𝑞 𝑏𝑦 𝜌𝜎 − 𝜈  in the results (2.1) to (2.4) these reduce to the known result [2,pp. 

36-39, eqs. (2.10),(2.21),(3.1),(3.2)] respectively which in turn at 𝜌 = 1 provide the known [2, pp.36-39, eqs. 

(2.12), (2.25), (3.6), (3.7)] respectively. 
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If we replace 𝜂 𝑏𝑦 𝜌𝛾 − 𝜇 𝑎𝑛𝑑 𝑞 𝑏𝑦 𝜌𝜎 − 𝜈  in the results (3.1) to (3.5) these reduce to the compositions for the 

fractional integral operator 𝐸𝜌 ,𝜇 ,𝜔 ;𝑎+
𝛾

𝛹  𝑥  for generalized Mittag-Leffler function in the kernel [2,pp.42-

47,eqs.(4.15),(5.1),(5.5),(6.1),(6.5)] 

Respectively which in turn at 𝜌 = 1 provide the known [2, pp.43-47, eqs. (4.17), (5.3), (5.12), (6.4), (6.9)] 

respectively. 

If in results (2.1) to (2.4) we take 𝛾 = 1,𝜎 = 1 ,these results deduced to the following results involving 

  𝑅𝜌 ,𝜂  𝑎, 0, 𝑧  function defined in (1.3). 

    
𝑑

𝑑𝑧
 
𝑛

   𝑅𝜌 ,𝜂  𝜔, 0, 𝑧  =   𝑅𝜌 ,𝜂+𝑛  𝜔, 0, 𝑧 ,    .. (4.1) 

      𝑅𝜌 ,𝜂  𝜔, 0,𝑥 − 𝑡   𝑅𝜌 ,𝑞 𝜔, 0, 𝑡 =
𝑥

0
 𝐺𝜌 ,𝜂+𝑞 ,2 𝜔,𝑥 ,    ..(4.2) 

   𝐼𝑎+
𝛼   𝑅𝜌 ,𝜂  𝜔, 𝑎, 𝑡  (𝑥)=  𝑅𝜌 ,𝜂−𝛼  𝜔, 𝑎,𝑥 ,  𝑥 > 𝑎 ,    .. (4.3) 

   𝐷𝑎+
𝛼   𝑅𝜌 ,𝜂  𝜔, 𝑎, 𝑡  (𝑥)= 𝑅𝜌 ,𝜂+𝛼  𝜔,𝑎,𝑥 ,  𝑥 > 𝑎 ,   .. (4.4) 

If in results (3.1) to (3.4) we take 𝛾 = 1,𝜎 = 1 ,these compositions deduce to the following compositions for the 

integral   operator  𝑅𝜌 ,𝜂 ,𝛾 ,𝜔 ;𝑎+  defined in (1.2)  

    (𝑡 − 𝑎)𝛽−1  𝑥 =  𝛤 𝛽  𝑅𝜌 ,𝜂−𝛽  𝜔, 0,  𝑥 − 𝑎  ,   ..(4.5) 

    𝑅𝜌 ,𝜂 ,𝜔 ;𝑎+𝛹 =   𝑅𝜌 ,𝜂−𝛼 ,𝜔 ,𝑎+𝛹 =   𝑅𝜌 ,𝜂 ,𝜔 ;𝑎+𝐼𝑎+
𝛼 𝛹,   ..(4.6) 

   𝐷𝑎+
𝛼  𝑅𝜌 ,𝜂 ,𝜔 ;𝑎+𝛹 =   𝑅𝜌 ,𝜂+𝛼 ,𝜔 ,𝑎+𝛹                                        ..(4.7) 

                        𝑅𝜌 ,𝑞 ,𝜔 ;𝑎+𝛹 =   𝑅𝜌 ,𝜂+𝑞 ,2,𝜔 ,𝑎+𝛹                                             ..(4.8) 

If we replace 𝜂 𝑏𝑦 𝜌 − 𝜇 𝑎𝑛𝑑 𝑞 𝑏𝑦 𝜌 − 𝜈  in the results 4.1) to (4.8) these reduce to the known results  [2,pp.36-

47,eqs.(2.11),(2.24),(3.4),(3.5),(4.16),(5.2),(5.10),(6.3)] 

Respectively. 
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