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Abstract : The new Bianchi type-IX cosmological models with binary mixture of perfect fluid and anisotropic 

dark energy have been studied. The unique solution of field equations is obtained by assuming that the energy 

conservation equation of the perfect fluid and dark energy vanishes separately together with a special law for 

the mean Hubble parameter (Berman, 1983) which yields a constant value of the deceleration parameter and 

generates two types of solutions, one is of power law type and other is of the exponential type. To have a general 

description of an anisotropic dark energy component in terms of its equation of state 
)(de , a skewness 

parameters   have been introduced. The statefinder diagnostic pair (i.e.  sr,  parameter) is used to 

characterize different phases of the universe. The various geometric and kinematic properties of the model and 

the behavior of the anisotropy of the dark energy have been discussed. 
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I. Introduction 

 In 1998, two teams have independently studied distant type Ia Supernovae (SNe Ia) and observed that, 

the universe is experiencing an accelerated expansion [1-2]. These remarkable findings were confirmed later 

from the studies of supernovae and independent evidences from cluster of galaxies, large scale structure [3-4] 

and the cosmic microwave background (CMB) [5-6]. In Einstein‟s general relativity, for such type of 

acceleration, one needs to introduce a component to the matter distribution of the universe with a large negative 

pressure. This component is usually referred as „Dark Energy‟ (DE). The DE occupies about 73% of the total 

energy of the universe, while dark matter occupies 23% and the usual baryonic matter is 4%. DE is described 

phenomenologicaly by an equation of state (EoS) p  where p  and   are the pressure and energy 

 density of DE and   is an EoS parameter which is useful to describe cosmic acceleration. A number 

of authors [7-15] have studied binary mixture of perfect fluid (PF) and anisotropic DE for Bianchi type-I, II, III, 

V, VI0, plane symmetric, kaluza-klein as well as higher dimensional cosmological models too. Recently, the 

anisotropic dark energy has been studied for Bianchi type-IX space-time [16].  
 The theoretical arguments and recent experimental data supports the existence of an anisotropic phase 

that approaches anisotropy. This is because we consider models of the universe with an anisotropic background. 

Bianchi type homogeneous models are the simplest of the anisotropic models. These models also used to 

examine the role of certain anisotropic sources during the formation of the large scale structure as we see in the 

universe today. Bianchi type-IX cosmological models are very popular for relativistic studies. They have 

solutions of type Robertson-Walker universe with positive curvature, the de-Sitter universe and Taub-NUT 

solutions. These models are not only anisotropic but also allow expansion, rotation and shear. Many authors [16-

25] have studied different aspects of Bianchi type-IX cosmological models in various theories of gravitation. 

Recently, Bianchi type-IX DE model in Brans-Dicke theory of gravitation has been studied [26]. 

 In the last few years, high red-shift supernova experiments had dramatically increased the quality of 

cosmological observational data. There are many DE models proposed recently to explain the cosmic 
acceleration. From the observations, we see that there is a variation in the properties of DE depending on the 

cosmological model. In order to differentiate among different forms of DE, Sahni et al. [27] proposed a new 

geometrical diagnostic pair of statefinders parameters  sr,  which are defined as  
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 Where H is the Hubble parameter, R  is an average scale factor and q  is the deceleration parameter. 

The parameter r  forms the next step in the hierarchy of geometrical cosmological parameters after the Hubble 

parameter H  and the deceleration parameter q , while s  is a linear combination of q  and r  chosen in such a 

way that it does not depend upon the DE density. The statefinder pair is calculated for a number of existing 
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models of DE [28-38] having both constant and variable  . Hence, we are motivated to study Bianchi type-IX 

DE model using this method of Statefinder diagnostic.  

 In the present paper, we have investigated new Bianchi type-IX cosmological models with binary 

mixture of anisotropic DE and perfect fluid. The statefinder diagnostic pair  sr,  is adopted to characterize 

different phases of the universe. The geometrical and physical behaviors of the model are also discussed.  

 

II. Metric And The Field Equations: 

 Bianchi type-IX metric is considered in the form 

  ydxdzadzyaybdybdxadtds cos2cossin 222222222222   ,            (2) 

where ba,  are scale factors and are functions of cosmic time t . 

 The model has one transverse direction x , and two equivalent longitudinal directions y  and z . In 

natural units ( 1,18  cG ), Einstein‟s field equations in case of a binary mixture of PF and anisotropic DE 

components are 

 ji
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 where, jig is the metric potentials with 1ji

ij uug ; 
iu  is the flow vector; jiR  is the Ricci tensor; 

R  is the Ricci scalar; 
)( fp  and 

)( ed  are the energy densities of PF and DE components respectively; 
)( fp  

is the EoS parameter of PF with 0)( fp and 
)( ed  is the EoS parameter of DE; 

)( ed

x , 
)( ed

y and 

)( ed

z are the deviation-free EoS parameter of the DE on the x , y and z  axes, respectively. 
 

is the 

deviation-free EoS parameters of the DE. Here  and 
 
are not necessarily constants and can be function of 

the cosmic time t .  

 The Einstein‟s field equations (3) for metric (2) with the help of equations (3) and (5) can be written as  
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where over dot (

) denotes the differentiation with respect to t . 

The Bianchi identity is given by 
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This yields: 

    022121 )()()()()()()( 






















b

b

b

b

a

a

b

b

a

a ededededfpfpfp





  .      

 (10) 

 The directional Hubble parameters in the directions of x, y and z axes for the metric (2) are defined as 
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The mean Hubble parameter is 
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where the spatial volume of the universe is  
2abV  .                      (13) 

 The anisotropy of the expansion can be parameterized after defining the directional Hubble parameters 
and the mean Hubble parameter of the expansion. 

The anisotropic parameter of the expansion is defined as  
23
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(14) where iH   3,2,1i  represent the directional Hubble parameters in the directions of  x, y and z 

respectively. 0  corresponds to isotropic expansion. The space approaches isotropy, in case of diagonal 

energy momentum tensor ( 00 iT , where 3,2,1i ) if 0 , V and 000 T   0  as 

t (Collins and Hawking, 1973). 

Using equations (11) and (12,) equation (14) simplifies to 
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29

2
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H
 ,                 (15) 

 where  yx HH   is the difference between the expansion rates on x and y axes which can be 

obtained by using the field equations. 
On subtracting (7) from equation (8), we obtain 
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 where  is a constant of integration and the term with   arises due to the possible intrinsic anisotropy 

of the fluid. 

To obtain the anisotropy parameter of the expansion, using (16) in (15), we get 
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 Choosing  =0, the anisotropy parameter of the expansion for a Bianchi type-IX cosmological model 

in the presence of PF reduces to  
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The integral term in (17) vanishes for 
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The energy momentum tensor (5) for anisotropic DE becomes 
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Using (19) in equation (17), the anisotropic parameter of the expansion reduces to  

2
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 It is seen that the above anisotropic parameter of the expansion is exactly same for exponential 

expansion with anisotropic fluid [16, 33] and is equivalent to ones obtained for exponential expansion with 

isotropic fluid [39-40].  

 The vanishing of the integral term also reduces the difference between the expansion rates on x and y 

to the following form  
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  .                (22) 

 Using equations (19) and (20) in the Einstein‟s field equations (6-8), one can obtain the reduced field 

equations as  
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III. Solutions Of The Field Equations: 

 Now we have, three linearly independent equations (23-25) and six unknown functions a , b , 
)( fp , 

)( ed , 
)( fp , 

)( ed . Hence, we need three extra equations to solve the system completely.  

Firstly, we assume that the DE and PF is minimally interacting (Adhav [33]) i.e.  

0; ji

j

fp T
 
and 0; ji

j

ed T  

 Hence, the Bianchi identity (10) can be split into two separately additive conserved components. 

Therefore, the conservation equation of energy momentum tensor of DE and PF becomes 
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Secondly, we assume that the EoS parameter of the PF to be constant i.e. 

)(

)(
)(

fp

fp
fp p


   = constant.                  (28) 

Lastly, we use respectively the exponential volumetric expansion law as 

kteCV 3
1 ,                  (29) 

and the power law volumetric expansion as  

mtCV 3
1 ,                             (30) 

where 1C , k  and m  are positive constants. 

 For 1m , the model exhibits accelerating volumetric expansion, on the other hand for 1m , the 

model exhibits volumetric expansion with constant velocity whereas for 1m , the model exhibits decelerating 

volumetric expansion. The anisotropic fluid we take here can be considered in the context of DE in the model 

with exponential expansion and power law expansion for 1m . 

 

IV.  Model For Exponential Expansion V=C1e
3kt 

: 

 The scale factors a  and b  are obtained by solving the field equations (23-25) for the exponential 

volumetric expansion (29) by considering (22), 
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where 2C  is a positive constant of integration. 

The mean Hubble parameter is given by 
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kH  .                  (33) 

The directional Hubble parameters on the x, y and z axes are respectively are given by, 

kt
x e

C
kH 3

13

2 


 and  
kt

zy e
C

kHH 3

13

1 


.                       (34) 

Using equations (33), (34) in equation (15), the anisotropic parameter of the expansion becomes, 
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 It is observed that the above anisotropic parameter of the expansion is exactly same for exponential 

expansion with anisotropic fluid [16, 33] and is equivalent to ones obtained for exponential expansion with 

isotropic fluid [39-40].  

Using equations (12) and (33) in equation (27), the energy density of the PF is found to be 
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 From equation (36), it is observed that, the energy density of PF is constant at initial epoch and starts 

decreasing with increase in time and becomes zero as t  as shown in figure 1. 

Using equations (31), (32) and (36) in equation (23), the energy density of the DE is found to be 
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 From equation (37), the energy density of the DE is constant at initial epoch and starts decreasing with 

increase in time. For large values of time t , the energy density of DE reduces to a fixed constant which matches 

with the data from recent cosmological observations that  the universe is accelerating as shown in figure 2. 
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 Using equations (31), (32) and (37) in equation (24), the deviation-free part of the anisotropic EoS 

parameter is obtained as 
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 From equation (38), from  initial epoch to some finite value of time t, the EoS parameter of the DE 
)( ed  is less than -1 i.e. in this region the model behaves like phantom dark energy universe. For increasing 

values of time, the dark energy behaves like a cosmological constant for which  1)( ed  as shown in figure 

3. 

Also using equations (31), (32) and (37) in equation (19), the deviation skewness parameter   is obtained as 
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 From equation (35), the anisotropy of the expansion    is not promoted by the anisotropy of the fluid 

and decreases to null exponentially as t increases. The space approaches to isotropy in this model as 0 , 

V and 03 2  k  as t . The energy density   , the deviation free EoS parameter    and 

the skewness parameter    are dynamical.  Also there is no big-bang type of singularity for particular choice 

of parameters. As t , the anisotropic fluid isotropizes and mimics the vacuum energy which is 

mathematically equivalent to the cosmological constant    i.e. as t we get 0 , 1  and 

23k  as in figure 1, 2 and 3 respectively. 

From equation (1), the statefinder parameters are found as  

 1r  and 0s  

 which are similar to the   CDM cosmological model for which the statefinder parameters are 

   0,1, sr . 
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 According to the conditions given by Collins and Hawking [41], the model isotropizes for large values 

of t . Also, the anisotropy of the DE isotropizes for large values of t . This is consistent with the present day 

observations that the universe is isotropic. 

  

V. Model For Power Law Expansion 
mtCV 3

1 : 

 The scale factors a  and b  are obtained by solving the field equations (23-25) for the Power Law 

volumetric expansion (30) by considering (22), 
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where 1C , 2C  are positive constants of integration. 

The mean Hubble parameter is  
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 The directional Hubble parameters on the x, y and z axes are respectively are given by 
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Using equations (42), (43) in equation (15), the anisotropic parameter of the expansion becomes, 
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 Using equations (12) and (42) in equation (27), the energy density of the PF is found to be 
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 From equation (45), it is observed that, the energy density of PF )( pf  as 0t  i.e. there is a 

big-bang singularity and starts decreasing with increase in time and becomes zero as t  as shown in fig. 4. 

Using equations (40), (41) and (45) in equation (23), the energy density of the DE is found to be 
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 From equation (46), the energy density of the DE )(de as 0t  and starts decreasing with 

increase in time. For large values of time t , the energy density of DE reduces and becomes zero as  t  as 

shown in fig. 5. 

 Using equations (40), (41) and (42) in equation (24), the deviation free part of the anisotropic EoS 

parameter is obtained as 
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 From equation (47), at initial epoch to some finite value of time t, the EoS parameter of the DE  is less 

than -1  1)( ed  i.e. in this region the model behaves like phantom dark energy universe. For increasing 

values of time, the dark energy behaves like a cosmological constant for which  1)( ed  as shown in fig. 6. 
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 Also using equations (40), (41) and (42) in equation (19), the deviation skewness parameter   on z-

axis is obtained as 
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From equation (42), it is observed that, the mean Hubble parameter H  is infinitely large at 0t  and reduces 

for increasing values of t and becomes zero as t . The anisotropy of the expansion    behaves 

monotonically, decays to zero for 31m  and diverges for 31m  and is constant for 31m . 

 

VI. Statefinder Diagnostic  
 In the last few years number of cosmologists have developed more number of DE models. To explain 

the current cosmic acceleration the oldest and most familiar method is by observing the Hubble constant 0H and 

the current value of the deceleration parameter 0q . Sahni et al. [ ] and Alam et al. [ ] have proposed a new 

method to explain the current cosmic acceleration by introducing a cosmological diagnostic pair  sr,  which 

they termed as statefinder. The two parameters are dimensionless and are geometrical since they are derived 

from cosmic scale factors alone, though one can rewrite them in terms of the parameters of DE and DM. This 

pair gives information about DE in a model-independent way i.e. it categorizes DE in the context of background 

geometry only which is not dependent on theory of gravity. The statefinder parameters are depends upon the 

expansion factor and hence upon the metric describing space and time. They can effectively differentiate 
different forms of DE and provide simple diagnosis regarding whether a particular model fits into the basic 

observational data. According to Sahni, the statefinder parameters   sr,  are defined as  
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 where H is the Hubble parameter, R  is an average scale factor and q is the deceleration parameter.  

 In this letter, models for exponential expansion and power law expansion are discussed. In the former 

model, we observed that the statefinder parameters are found as 1r  and 0s  which are similar to the 

 CDM cosmological model for which the statefinder parameters    0,1, sr  indicating that the model 

isotropizes for large values of t. Also the anisotropy of DE isotropizes for large value of t which are consistent 

with the present day observations that the universe is isotropic. In the latter model the statefinder parameters are 

found to be  
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Fig. 7 shows the variation of r against s  for the values of .1,
2

1
,

3

1
m  We observe that the model starts from 

an Einstein Static Era   sr ,  and goes to the  CDM model  0,1  sr . 

                      

VII. Conclusion 

 The new Bianchi type-IX cosmological models is obtained with PF and anisotropic DE on the basis of 

exponential expansion and power law expansion. In both the models the anisotropic DE isotropizes for large 

values of t . The solution of the field equations are obtained by using special law for the mean Hubble parameter 

(Berman, 1983) which yields a constant value of the deceleration parameter.  The anisotropy of the space 
isotropizes for exponential expansion. Also the anisotropy of the space isotropizes for power law expansion 

model provided 31m . The statefinder diagnostic pair i.e.  sr,  parameter is adopted to characterize 

different phases of the universe. It is observed that the exponential expansion model is similar to   CDM 

cosmological model for which the statefinder parameters are    0,1, sr . In case of power law expansion 

model, the evolution trajectories in statefinder sr   plane are plotted in figure 7. The power law expansion 

model has the counters in the sr   plane which shows the different phases of the universe. It is interesting to 

note that our observations are analogous to the investigations of Akarsu and Kilinc [42] , Adhav [34] and Ghate 

and Sontakke [16]. 
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