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Abstract: The canonical Hartley transform (CHT) is one of the important transform in the class of linear 

canonical transform (LCT). It has been used in several areas, including optical analysis and signal processing. 

For practical purpose canonical Hartley transform is more useful. Hence in this paper we have proved its 

Inversion theorem along with uniqueness. Some important results about Differentiation, Linearity, Shifting, 

Scaling property for canonical Hartley transform are also explored. 
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I. Introduction: 
The idea of the fractional powers of Fourier operator appeared in mathematical literature as early in 

1930. It has been rediscovered in quantum mechanics by Namias [7]. He had given a systematic method for the 

development of fractional integral transforms by means of Eigen values. Last decades, since Namias in 1980 

develop the eigenvalue methods for Fractional Fourier transform, number of other integral transform have been 
extended in its fractional domain. For examples Almeida [1] had studied fractional Fourier transform, Fractional 

Hilbert transform has been developed by Sontakke [10] studied number of property of fractional Hartley 

transform, Joshi, Gudadhe [3, 4] studied number of property of generalized canonical sine transform, also 

Operation Transform Formulae for the Generalized Half Canonical Sine Transform etc. Bhosale and Choudhary 

[2] had studied it as a tempered distribution; number of applications of fractional Fourier transforms in signal 

processing, image processing filtering optics, etc is studied. These fractional transforms found number of 

applications in signal processing, image processing, quantum mechanics etc.  

Further generalization of fractional Fourier transform known as linear canonical transform was 

introduced by Moshinsky [6] in 1971. Pei, Ding [8, 9] had studied its eigen value aspect. Linear canonical 

transform is a three parameter linear integral transform which has several special cases as fractional Fourier 

transform, Fresnel transform, Chirp transform etc. Linear canonical transform is defined as,                                         
















 ,)(
2

1
))](([ )/(

)/(
22

22

dttfeee
ib

stLCTf tbsi
tba

i
s

b

di


     for b≠ 0                

                                 = d  
 


2

2
scd

i

e  f (d∙s), for b = 0, with ad ─ bc =1,    

where a, b, c, and d are real parameters independent on s and t.  

 Now a day in optical image processing, image encryption technique has great importance and fractional 

Fourier transform, Fresnel transform, Wavelet transform are some of the transformation used for this. Fractional 

Hartley transform is also suggested for optical image processing and encryption by Jimenez in [5]. Canonical 
Hartley transform which is generalization of Fractional Hartley transform with more parameter can be the 

perfect substitute for that. Hence we study it in the generalized sense and developed its operation relations 

which are generally used while solving differential equations 

 In this paper first we have defined generalized Canonical Hartley transform. We have proved some 

important results about Inversion theorem, Differentiation, Linearity, Shifting, Scaling property for canonical 

Hartley transform. 

 

II. Generalized Canonical Hartley transform 
2.1 Testing Function Space E : 

 An infinitely differentiable complex valued function   on Rn belongs to ( )nRE
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Note that space E is complete and a Frechet space, let E‟ denotes the dual space of E. 
 

2.2 The Canonical Hartley transform on E :  

 The Canonical Hartley transform ( )nf RE  can be defined by,{ ( )}( ) ( ), ( , )CHT f t s f t K t s

  
where, 
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Hence the canonical Hartley transform ( )nf RE  can be defined by,
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2.3 Inversion theorem for canonical Hartley transform : 

 If   ( ) ( )CHT f t s   canonical Hartley transform of f(t) is given by, 
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Proof:  The canonical Hartley transform of f(t) is given by 
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  where,  {CHT f(t)}(s) = F(s) 
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  By using inverse formula. 
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2.4 Linearity properties for canonical Hartley transform:  

 If  ( ) ( )CHT f t s , ( ) ( )CHT g t s   denotes generalized canonical Hartley transforms of 

( ), ( )f t g t  and P1, P2 are constants then, 

 1 2 1 2[ ( ) ( )] ( ) { ( )}( ) { ( )}( )CHT P f t P g t s P CHT f t s P CHT g t s  

 

Proof:  The proof is simple and hence omitted.  

 

2.5 Differentiation property of Canonical Hartley Transform: 

  If  ( ) ( )CHT f t s  denotes generalized canonical Hartley transform of ( )f t  then 

   ( ( )) ( ) { ( )}( ) ( ) ( )
s a

CHT f t s CHT f t s i CHT t f t s
b b

   
     

   
 

Proof: We have,  
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By integration by parts, we get, 
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2.6 Derivative property of canonical Hartley transform: 

 If  ( ) ( )CHT f t s  denotes generalized canonical Hartley transform of ( )f t  then, 
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Proof: We have, 



Operation Transform Formulae For The Generalized Canonical Hartley Transform 

www.iosrjournals.org                                                             67 | Page 

2 2

2 21
{ ( )}( ) c s ( )

2

i d i a
s t

b bd d s
CHT f t s e e a t f t dt

ds ds ib b

   
   
   



   
   

   


 

2 2

2 21
{ ( )}( ) cos sin ( )

2

i a i d
t s

b bd s s
CHT f t s e e t t f t dt

ds ib s b b

   
   
   



      
             


                                

 

 

2 2 2

2 2 21
cos sin cos sin ( )

2

i a i d i d
t s s

b b bt s s d s s
e e t t i s e t t f t dt

ib b b b b b b

     
     
     



               
                                  


 

2 2 2

2 2 21
cos sin cos sin ( )

2

i a i d i d
t s s

b b bt s s d s s
e e t t i s e t t f t dt

ib b b b b b b

     
     
     



               
                                    


 

2 2 2

2 2 21
cos sin cos sin ( )

2

i a i d i d
t s s

b b bt s s d s s
e e t t i s e t t f t dt

ib b b b b b b

     
     
     



               
                                    


 

2 2 2 2

2 2 2 21 1
cos sin ( ) cos sin ( )

2 2

i a i d i a i d
t s t s

b b b bt s s d s s
e e t t f t dt i s e e t t f t dt

ib b b b b ib b b 

        
       
       

 

              
                  

              
 

1
{ ( )}( ) { ( )} { ( )}

d s d
CHT f t s i CHT f t CHT t f t

ds b b

   
    

   
 

2.7 Shifting property of canonical Hartley transform: 

 If  ( ) ( )CHT f t s  denotes generalized canonical Hartley transform of ( )f t  and „ , is any real 

number.  Then, 
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Proof: We have, 
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2.8 Scaling property of canonical Hartley transform: 

  If { ( )}( )CHT f t s  denotes generalized canonical Hartley transform of ( )f t  then,
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Proof: We have, 
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III. Conclusion: 
In this paper, brief introduction of the generalized canonical Hartley transform are given and its 

Inversion theorem, Differentiation, Linearity, Shifting, Scaling property for canonical Hartley transform 

obtained which will be useful in solving differential equations occurring in signal processing and many other 

branches of engineering.  
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