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Abstract: Finite difference solution of partial differential equations must satisfy the 

requirement of convergence and stability if th ey are to be reasonably accurate . In this paper, 

we examined convergence and stability criterion  of finite difference scheme for solving a 

partial differential equation. A case which is possible when the cumulative effect of all 

rounding errors is negligible. Consequently, we investigated the prop agation of these errors 

as   increases by applying the Fourier series method.   

 

I. Introduction 
Several works has been carried out by many researchers on the stability of solutions of partial 

differential equation. Von Neumann [1,2] during the world war II developed a scheme using Fourier series 

methods to investigate the growth of errors arising from the arithmetic operation needed to solve a finite 

difference equation. This we shall use in the paper to investigate the stability of some explicit scheme for 

solving partial differential equation. 

 

II. Basic equation and results 
Let        be the analytical solution of the partial differential equation and      the solution of its 

finite difference approximation. Define the error function 

      (     )                                 

           
Then      satisfies the same difference equation as      

Let            denote the errors at mesh point        along the initial line    .  

To investigate the propagation of these errors as   increases we need to find a solution of the finite difference 

equation in      that reduces to   when    . 

To apply the Fourier series method [3], we first express the errors in terms of finite Fourier series. Recall that 

the finite Fourier series of a function in the an interval        is  
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The complex exponential form [4] of this series is  
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In the above expansions of                       are constants which have to be determined. 

Expressing    in terms of complex Fourier series in an interval of length , we have 
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In the domain   {                 }  the mesh points (     )assume the form          where    

and   are the mesh sizes. 
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Where 
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Let us consider the propagation of the error at just one point        as   increases, such an error has a form 

     . 
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Assuming that the corresponding error at     has the form 

                                                           

                  

Where       

It is obvious that this form of      ensures that      reduce to          when     

From equation (2.4), we deduce that the error will not increase as      increases provided       

 

Example 2.1 

Investigate the stability of the explicit finite differential equation  

                                  

Where   
 

   

Solution 

To avoid confusion over notation, let us      for the solution of the given difference scheme, and      for the 

error, since      satisfies the same difference equations as   

    , we have 

                                        

                            

Writing               

Equation (2.5) becomes 
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For stability, 
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Since 
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We must have, 

    
 

 
  

 

Example 2.2 

The hyperbolic equation         is approximated by the explicit scheme 
                   

  
 

                   

  
 

Investigate its stability? 

 

Solution 

Let            be the error at     and             be the error at any time  . 

      (     )      satisfies the same difference equation as   so we have 
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Where            (
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Note 

If            √       

If            √        
For stability,       
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and     |  √    |    

if            , giving instability and  

if           and        

i.e. for 
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Thus, the given explicit scheme is stable for      
 

 
   and unstable otherwise 

 

1. Convergence Criterion 

If the solution       of the parabolic equation 

                  

hascontinuous and finite partial derivative of sufficiently high order in          and if   
     

 
 

Then 

I. The error    due to discretization satisfies the inequality 

|   |   {
 

 
         

  

  
          } 

                            

II. The numerical solution converge to the analytical solution at a rate that is             

Proof 

Let the analytic and the numerical solution at a point (     ) in the domain of the parabolic partial differential 

equation  

                                                                           

be denoted by  (     )           respectively thus the error due to discretization is 

       (     )            

The simplest explicit finite difference approximation to the parabolic equation (3.1) is  

 
           

 
 

                    

  
 

Where      and      
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Using equation (3.2), we get 

      (     )       

and substituting this into equation (3.3), we get 
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Taylor’s expansion of        in the variable   gives 

                         
  

  
          

           

                         
  

  
           

           

i.e. we may write 
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Where   
 

                           

                 

Let |  (     )     (     )|   
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i.e. 
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i.e. 

                                                  

But      and       
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Since |    |  |         |                         

                                               
 

 
 

 

III. Conclusion 
The above proof shows that, for the finite difference solution to be convergent,   and     must be 

uniformly continuous and bounded throughout the solution domain. 

Besides, in example (2.1) and (2.2), we saw that for the stability of a finite difference scheme for solving P.D.E 

to be possible, the cumulative effect of all rounding errors must be negligible. 
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