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Abstract : In this paper, we define a new algebraic structure of an induced fuzzy k-ideal of a HX ring and
some related properties are investigated. The purpose of this study is to implement the fuzzy set theory and ring
theory in fuzzy HX k-ideals of a HX ring. We also establish the relation between fuzzy HX ideals and fuzzy HX
k-ideals of a HX ring . Characterizations of level subsets of a fuzzy HX k-ideal of a HX ring are given. We also
discussed the relation between a given fuzzy HX k-ideals of a HX ring and its level HX k-ideals and investigate
the conditions under which a given HX ring has a properly inclusive chain of HX k-ideals. In particular, we
formulate how to structure a fuzzy HX k-ideal of a HX ring by a given chain of HX k-ideals.
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l. Introduction

In 1965, Zadeh [16] introduced the concept of fuzzy subset p of a set X as a function from X into the
closed unit interval [0, 1] and studied their properties. Fuzzy set theory is a useful tool to describe situations in
which the data or imprecise or vague and it is applied to logic , set theory, group theory, ring theory, real
analysis, measure theory etc. In 1967, Rosenfeld [14] defined the idea of fuzzy subgroups and gave some of its
properties. Li Hong Xing [9] introduced the concept of HX group. In 1982 Wang-jin Liu[10] introduced the
concept of fuzzy ring and fuzzy ideal. Liu defined the fuzzy ideals of a ring and discussed the operations on
fuzzy ideals. T.K.Dutta and B.K.Biswas [5] studied fuzzy ideals and fuzzy prime k-ideals of semi rings.The class
of k-fuzzy semi rings, where k denotes a subset of the power set of R which is closed under the operations min,
+, or max has many interesting applications. Min-max-plus computations are used in several areas. The notion
of k-ideals was applied to construct quotient rings. With the successful upgrade of algebraic structure of group
many researchers considered the algebraic structure of some other algebraic systems in which ring was
considered as first. In 1988, Professor Li Hong Xing [11] proposed the concept of HX ring and derived some of
its properties, then Professor Zhong [1,2] gave the structures of HX ring on a class of ring. In this paper we
define a new algebraic structure of an induced fuzzy HX ideal, induced fuzzy HX k-ideal of a HX ring and
investigate some related properties.

1. Preliminaries
In this section, we site the fundamental definitions that will be used in the sequel. Throughout this
paper, R =(R ,+, -) is a Ring, e isthe additive identity element of R and xy, we mean x.y

2.1 Definition [3]
A non-empty set R together with two binary operations ‘+’ and ‘-’ is said to be a ring if the following
conditions are satisfied. For all a,b,c e R,
i. (R ,+) is an abelian group,
ii. (R, -) is a semi group,
iii. a(b+c)=ab+acand(a+b)c=ac+bc.

2.2 Definition [15]

A non-empty subset | of a ring R is said to be a left ideal of R if x ,y e | and r € R imply that
X +y e landrx e I. A non-empty subset | of a ring R is said to be a right ideal of R if x ,y € land r € R imply
that x +y € I and xr € I. A non-empty subset | of a ring R is said to be an ideal or a two sided ideal of R if | is
both left and right ideal of R.

2.3 Definition [15]

A left ideal | of a ring R is said to be a left k-ideal of Rif x e landr e Rand x+relorr+x e |
then r € I. A right ideal | of a ring R is said to be a right k-ideal of Rif x e landr e Rand x +r e | or
r+xelthenr el. Anideal | of aring R is said to be a k-ideal of R if | is both left and right k-ideal of R.
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2.4 Definition [4]
A fuzzy subset p in a ring R is called fuzzy ideal of R if the following conditions are satisfied. For all
Xy eR,
L aeey) cmin (e
Ii. 1 (xy) zp(y),
iii. u(xy) > px).
If (i) and (ii) are satisfied then it is called fuzzy left ideal of R. If (i) and (iii) are satisfied then it is called
fuzzy right ideal of R.

2.5 Definition [15]
A fuzzy ideal p of a ring R is said to be a fuzzy k-ideal of R if pu (x) > min { p (x+y), n (y) } for all
X,y inR.

2.6 Definition [3]
Let p , A be any two fuzzy subsets of a set X. A fuzzy subset p N A is defined as
(LN (x) =min{ wx), Mx)} forall x € X.

1. Properties Of An Induced Fuzzy Ideal (Fuzzy HX K-Ideal) Of A HX Ring
3.1 Definition [1]
Let R be aring. In 2% - {¢}, a non-empty set 9 — 2%- {¢} with two binary operation ‘ + * and .’ is said

to be a HX ring on R if 9 is a ring with respect to the algebraic operation defined by

i A+B={a+b/ae Aandb e B}, which its null element is denoted by Q , and the

negative element of A is denoted by — A.
ii. AB={ab/a e Aandb € B},
iii. A(B+C)=AB+ACand (B+C)A=BA+CA.

3.2 Definition
Let R be a ring. Let p be a fuzzy ring defined on R. Let 9 < 2%- {¢} be a HX ring. A fuzzy subset A"
of 9 is called a fuzzy HX ring on § or a fuzzy ring induced by p if the following conditions are satisfied. For all
AB €9,
i. A (A-B) = min { A" (A), A" (B) },
ii. A (AB) = min { A" (A), A" (B) }
where A" (A) = max{ u(x)/ forallxeACR}.

3.3 Definition
Let p be a fuzzy ideal defined on R. Let 9 — 27- {¢} be a HX ring. A fuzzy subset A* of 9 is said to
be a fuzzy HX ideal or fuzzy ideal induced by p on 3 if the following conditions are satisfied. For all AB €3,
i. AM(A-B) = min{1"(A), A" (B)},
ii. A" (AB) > A (B),
iii. A" (AB) > A (A)
where A" (A) = max{ w(x)/ forallxeAC R}
If (i) and (ii) are satisfied then it is fuzzy HX left ideal of 3. If (i) and (iii) are satisfied then it is called
fuzzy HX right ideal of 3.

3.4 Definition
Let p be a fuzzy ideal defined on R. Let 9 < 2% - {¢} be a HX ring. A fuzzy subset A* of 9 is said to
be a fuzzy HX k-ideal or a fuzzy k ideal induced by pon 9 if A* (A) > min { A* (A+B), A* (B) }.for all AB €9.

3.5 Theorem
If wis a fuzzy ideal of R then the induced fuzzy subset A" is a fuzzy HX ideal on 3.
Proof
Let p be a fuzzy ideal of R.
i. min{3* (A), \* (B)} min{max{ p(x) /for all xe A < R},max{ u(y) / for all yeB < R}}
min{ p(Xo) , p(Yo)}
W(Xo - Yo), since p is a fuzzy ideal of R
max{ p(x-y) /for all x-y eA-B < R}
A* (A-B)

IANIA IA 1T
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v

min{A" (A), 2" ( B)}

max{ w(y)/forall y e BC R}
max{ w(xy) / for all xy eAB C R}
A (AB)

A (B)

v IAIA

max{ p(x) / for all xe A Z R}
max{ p(xy) / for all xye AB R}
AF (AB)

A (A)

v A IA

Hence, A" is a fuzzy HX ideal on 9.

Every fuzzy HX ideal A" of a HX ring 9 is a fuzzy HX k-ideal of HX ring 8.

Let A" be a fuzzy HX ideal of a HX ring 9. Then,
min{ A" (A+B), A* (B)} = min{max{ p(x+y) / for all x+ye A+B < R},max{ u(y) /for all yeB < R}}
= min{ u (Xo + Yo) , 1 (Yo)}

1 (X0 + Yo~ Yo)

1 (%o)

max{ u(x) / for all xe A< R}
(A

min{ A" (A+B), A" (B)}

Hence, A" isa fuzzy HX_ k-ideal of a HX ring 9.

AY (A-B)
ii. A (B)
AY (AB)
iii. A (A)
A* (AB)
3.6 Theorem
Proof
<
<
<
Therefore, A" (A) >
3.7 Theorem

Let pu and n be two fuzzy ideals defined on R. Let A" and y" be any two fuzzy HX k-ideals of a
HX ring 8 then A*Ny" is also fuzzy HX k-ideal of a HX ring 3.

Proof

Let AB e 9
min{ (A"Ny")(A), ANy (B)} = min{min{2* (A), y" (A)}.min{ 1 (B), v" (B)}}

< min{min {A" (A), 1* (B)},min{v" (A), " (B)}}
min{\" (A-B), y" (A-B)}

Since A" and y" are fuzzy HX k-ideals

< (A'NyM)(A-B).

IA

A*NyM(A-B) > min(A*NyM)(A), Ny (B)}.

Ny (A)

(ANy")(AB)

(A Ny")(B)

(A"Ny")(AB)

IV IA TN CIA

IV IA IAIA

min{A" (A), y" (A)}
min{max{ p(x) / for all xe A < R} max{n(x) / for all xe AC R }}

min{max{u(xy)/ for all xye AB < R} max{n(xy)/ for all xye AB < R}}
min{\" (AB), y" ( AB)}

(A*Ny")(AB)

(R Ny")(A).

min{A" (B), v" (B)}
min {max{ u(y) / for all yeB < R}, max{n(y) / forallyeB C R }}

min{max{p(xy)/for all xye AB < R}, max{n(xy) / for all xye AB CR}}
min {A" (AB), y" (AB)}

(AFNy")(AB)

(Y™ (B).

Hence, A*Ny" is fuzzy HX ideal of a HX ring 3.

Now, min{ (A\*Ny") (A+B), (A*Ny™) (B)}= min{ min{A" (A+B), y" (A+B)},min{L" (B), y" ( B)}}

www.iosrjournals.org 140 | Page



Induced Fuzzy K-ldeal and Its Level K-ldeals on a HX Ring

min{ min { A\* (A+B), A* (B)} , min {y" (A+B), y" ( B) }}
min{A" (A+B-B), y" (A+B-B)}
min{A" (A), y" (A)}
™) (A)
ANy (A) min{ (A*Ny") (A+B), (A*Ny") (B)}
Hence, A*Ny"is a fuzzy HX k-ideal of a HX ring 8.

IV 1A IAIA

Remark
Arbitrary intersection of a fuzzy HX k-ideal of a HX ring 9 is also a fuzzy HX k-ideal of a HX ring $.

IV.  Properties Of Level Subsets Of A Fuzzy HX K-ldeal Of A HX Ring
In this section, we introduce the concept of level subsets of fuzzy HX k-ideal of a HX ring 8 and discuss
some of its properties.

4.1 Definition
Let A" be a fuzzy HX k-ideal of a HX ring 9. For any t €[0,1], we define the set U (\";t) ={ Ae 9/
A (A) >t} is called an upper level subset or a level subset of A",

4.2 Theorem

A" be a fuzzy HX k-ideal of a HX ring 9 if and only if U(A"; t) is either empty or a HX k-ideal of 9
for all te [0,1].
Proof

Let A" be a fuzzy HX k-ideal of 8.

Lette [0,1]. LetUA"t) = ¢ .

Forany A,Be U(A" t) and Ce 9, then A" (A) > tand A" (B) > t.

Now, A"(A+C) > min { A" (A), A" (C) }
> t, for some te [0,1].
A" (CB) > A (@B) >t and
A (AC) > M (A)>t.

Hence, A+ C,CBand AC € U(\";t).

Hence U(AY; t) is an ideal of a HX ring 8.

Forany A € U\"; t) and Ce 9 then A+C or C+A € U(AM; t)

then A" (A) > tand A" (C+A) > tor A" (A+C) > t.

Now, A"(C) > min { A" (C+A), A" (A)}> t. Hence Ce U(MM;t).
Hence U(AY; t) is a HX k-ideal of a HX ring 9.

Conversely, let U(A"; t) is HX k-ideal of a HX ring 9.

Forany A,B € U(A";t) and Ce 9, then A+ C,CBand AC € U(A";t) and
Forany A e U\ t) ,Ce 9 and A+Cor C+A € U(A"; t) then Ce U(AY;t).
Forany A,B € 9,then A, B e U(\"; t) for some te [0,1] and

Therefore, A+B,A-Band AB € UQA"t).

Let A*(A)=t,, A" (B) =t,, A" (A-B) = tzand A* (AB) = t, suchthat 0<t; < t,< t3< t; < t.

Now, A*(A-B) =t
> 4
= min { \* (A), 2* (B) }.
Thatis, A* (A-B) > min { A" (A), 2* (B) }.
A" (AB) =t
> 1,
A" (AB) > A (B)
>
A" (AB) > A (A).

Hence, A" is a fuzzy HX ideal of a HX ring 9.
By Theorem 3.6 , A" is a fuzzy HX k-ideal of a HX ring 3.

4.3 Definition
Let A" be a fuzzy HX k-ideal of a HX ring 3. Then, the HX k-ideals U (A" ; t) for te [0,1] and
t < A" (Q), are called level HX k-ideals of A",
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4.4 Theorem

Let " be a fuzzy HX k-ideal of a HX ring 3. If two level HX k-ideals U (A\"; t;), U(A"; t,) for,
t,t, € [0,1] and ty, t, < A" (Q) witht; < t, of A" are equal then there is no A in 8 such that
ti<A*(A) <t

Proof

Let UM ; t) = U\ ; tp). Suppose there exists A € 9 such that t; <A* (A) < t,, then U(\Y ;1) <
U (A";t). Then A € UMY ; ty) , but A ¢ UMY t,), which contradicts the assumption that, U(A"; t;) = U(AY; t,).
Hence there isno A in 9 such that t; <A* (A) < t;.

Conversely, suppose that there is no A in 3 such that t; <A* (A) < t,, Then by definition U(\" ; t,)
c U(@";ty). Let Ae UQ"; ty) and thereisno Ain 3 such thatt; <A* (A) < t,.

Therefore, A e U\ t) and  UQRY;t) < UM ;).

Hence, U(AY ;) = UM ; b).

4.5 Theorem

A fuzzy subset A" of 9 is a fuzzy HX k-ideal of a HX ring 8 if and only if the level HX k-ideals
UM ; t), t € Image A", are HX k-ideals of 9.
Proof

Itis clear.

4.6 Theorem

Any HX k-ideal H of a HX ring 9 can be realized as a level HX k-ideal of
some fuzzy HX left k-ideal of 9.

Proof
Let A" be a fuzzy subset and Ae 3. Define,
AM(A) = t if AeH, wherete (0,1]
{ 0 ifAgH,
LetA,B e 3.

i Suppose A, B € H, then A+B € H, A-B € Hand AB ¢ H.
AMA)=t, A" (B)=t, A (A+B) =t, A" (A-B) =tand A" (AB) =t.
Hence A (A-B) = min { A" (A), A\* (B) },
A (AB) > A" (B), and

AM(A) > min { A" (A+B), A" (B) }.

Y

ii. Suppose A € Hand B ¢ H, then A+ B ¢ H, A-B ¢ H and AB¢ H.
A (A)=t, A" (B) =0, A" (A+B) =0, A" (A-B) =0and A" (AB) =0.
Hence A (A-B) = min { A" (A), A" (B) },
M (AB) > A"(B),and
AY(A) = min { A" (A+B), ¥ (B) }.

iii. Suppose A, B ¢ H, then A+B e Hor A+B ¢ Hand AB € Hor AB ¢ H.
AM(A)=0,A"B)=0, " (A+B)=tor0, A" (A-B) =tor0and A" (AB) =torO.
Hence A (A-B) = min { A" (A), A" (B) },
M (AB) > A*(B), and
A (A) = min { A" (A+B), A" (B) }.
Thus in all cases, A" is a fuzzy HX left k-ideal of 9. For this fuzzy HX left k-ideal, U(A";t) =H.

Remark

As a consequence of the Theorem 4.4 and 4.5, the level HX k-ideals of a fuzzy HX k-ideal A" of a HX
ring 9 form a chain. Since A* (Q) > A" (A) for all Aiin 3 and therefore U(A"; to) , where A" (Q) = t, is the
smallest and we have the chain :{Q}=U(A\" ; to) c UM ;1) c UV ;) c... c UV 5 t,) =9, where
to>t1>t,>...... >t

V. Conclusion
In fuzzy algebraic system fuzzy ideals with special properties plays an important role. In this paper we
defined an induced fuzzy k-ideal of a HX ring where k-ideals provides an important tool to construct quotient
rings. Hence the level HX k-ideals of a HX ring 8 form a chain and some properties were discussed , which will
give a new horizon in the further study.
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