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Abstract: In this paper, we introduce and investigate a new class of set called ω - λ -open set which is weaker 
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I. Introduction And Preliminaries 

Throughout this paper )τ(X,  and )( σY, stand for topological spaces with no separation axioms 

assumed, unless otherwise stated. Maki [3] introduced the notion of  -sets in topological spaces. A  -set is a 

set A which is equal to its kernel, that is, to the intersection of all open supersets of A. Arenas et.al. [1] 

Introduced and investigated the notion of -closed sets by involving  -sets and closed sets. Let A be a subset 

of a topological space (X,). The closure and the interior of a set A is denoted by Cl(A), Int(A) respectively. A 

subset A of a topological space (X,) is said to be -closed [1] if A = BC, where B is a  -set and C is a 

closed set of X. The complement of -closed set is called -open [1]. A point xX in a topological space (X,) 

is said to be -cluster point of A [2] if for every -open set U of X containing x, UA . The set of all                  

-cluster points of A is called the -closure of A and is denoted by Cl(A) [2]. A point xX is said to be the                  

-interior point of A if there exists a -open set U of X containing x such that      U A. The set of all -interior 

points of A is said to be the -interior of A and is denoted by Int(A). A set A is -closed (resp.-open) if and 

only if Cl(A) = A (resp. Int(A) = A) [2].  
 

The family of all -open (resp. -closed) sets of X is denoted by O(X) (resp. C(X)). The family of 

all -open (resp. -closed) sets of a space (X,) containing the point xX is denoted by O(X, x) (resp. C(X, 
x)).   

II. ω - λ -OPEN SETS 

Definition 2.1: A subset A of a topological space X is said to be ω - λ -open if for every Ax , there exists a 

λ -open subset XU x  containing x such that U Ax   is countable. The complement of an ω - λ -open 

subset is said to be ω - λ -closed. 

Proposition 2.2: Every λ -open set is ω - λ -open. Converse not true. 

Corollary 2.3: Every open set is ω - λ -open, but not conversely. 

Proof: Follows from the fact that every open set is λ -open. 

Lemma 2.4: For a subset of a topological space, both ω -openness and λ -openness imply ω -λ -openness. 

Proof: (i) Assume A is ω -open then, for each Ax , there is an open set containing x such that U Ax  is 

countable. Since every open set is λ -open, A is ω - λ -open. (ii) Let A be ω - λ -open. For each Ax , there 

exists a λ -open set AU x  such that xx U  and AU x .Therefore, A is ω - λ -open.  

Example 2.5: Let  cb,a,X  ,   X,a,τ  , then b  isω -open but not λ -open (since X is a countable 

set). 

Example 2.6: Let X = R with the usual topology. Let A = Q be the set of all rational numbers. Then A is                      

λ -open but it is not ω -open. 

Lemma 2.7: A subset A of a topological space X is ω - λ -open if and only if for every Ax , there exists 

a λ -open subset U containing x and a countable subset C such that U C A  . 
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Proof: Let A be ω - λ -open and Ax , then there exists a λ -open subset xU containing x such that 

A)(U xn  is countable. Let A)X(UAUC  xx  . Then ACU x . Conversely, let 

Ax . Then there exists a λ -open subset xU containing x and a countable subset C such that ACU x . 

Thus, CAU x and AU x  is countable.  

Theorem 2.8: Let X be a topological space and XC   If C is λ -closed, then BKC  for some                   

λ -closed subset K and a countable subset B. 

Proof: If C is λ -closed, then CX  is λ -open and hence for every CX x , there exists a λ -open set U 

containing x and a countable set B such that CXBU  . Thus 

)B(UXC  ))BX((UX  )B(UX  . Let UXK  . Then K is λ -closed such 

that BKC  .  

Corollary 2.9 The intersection of an ω - λ -open set with an open set is ω - λ -open. 

Question: Does there exist an example for the intersection of ω - λ -open sets is ω -λ -open? 

Proposition 2.10: The union of any family of ω - λ -open sets is ω - λ -open. 

Proof: If  αα :A is a collection of ω - λ -open subsets of X, then for every 





 ,Ax  Ax for 

some  . Hence there exists a λ -open subset U of X containing x such that AU   is countable. 

Now 



 AUAU 


  and thus 





AU is countable. Therefore,

 

α

αA  is ω - λ -open. 

Definition 2.11: The union of all ω - λ -open sets contained in XA   is called the ω -λ -interior of A, and 

is denoted by (A)Int- λω . The intersection of all ω - λ -closed sets of X containing A is called the                         

ω - λ -closure of A, and is denoted by (A)Cl- λω . 

The proof of the following Theorems follows from the Definitions hence they are omitted. 

Theorem 2.12:  Let A and B be subsets of τ)(X, . Then the following properties hold: 

(i) (A)Int- λω
 
is the largest ω - λ -open subset of X contained in A 

(ii) A is ω - λ -open if and only if  (A)Int-A λω  

(iii)  (A)Int-(A))Int-(Int- λλλ ωωω 
 
 

(iv) If BA  , then (B)Int-(A)Int- λλ ωω   

(v) B)(AInt-(B)Int-(A)Int-  λλλ ωωω  

(vi)  (B)Int-(A)Int-B)(AInt- λλλ ωωω   .                                                                                                      

Theorem 2.13: Let A and B be subsets of τ)(X, . Then the following properties hold: 

(i) (A)Cl- λω is the smallest ω - λ -closed subset of X contained in A; 

(ii) A is ω - λ -closed if and only if (A)Cl-A λω ;  

(iii) (A);Cl-(A))Cl-(Cl- λλλ ωωω   

(iv) If BA  , then (B);Cl-(A)Cl- λλ ωω   

(v) (B);Cl-(A)Cl-B)(ACl- λλλ ωωω   

(vi) (B)Cl-(A)Cl-B)(ACl-    . 

Theorem 2.14:  Let τ)(X,  be a topological space and XA  . A point (A)Cl- λωx  if and only if 

AU  for every )λO(X,U xω  . 

Theorem 2.15: Let τ)(X,  be a topological space and XA  . Then the following properties hold: 

(i)  )A(Cl-XA)(XInt-     

(ii) 
 

 (A)Int-XA)(XCl-     
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Theorem 2.16: If each nonempty ω - λ -open set of a topological space X is uncountable, then 

(A)Int(A)Int- λλω   for each open set A of X. 

Proof: Clearly (A)Cl(A)Cl- λλω  . On the other hand, let (A)Cl λx  and B be an ω - λ -open subset 

containing x. Then by Lemma 2.7, there exists a λ -open set V containing x and a countable set C such 

that BCV   . Thus   ABACV   and so   ABCAV   . 

Since Vx and (A)Cl λx  , AV  and AV is λ -open since V is λ -open and A is open. By the 

hypothesis each nonempty λ -open set of a topological space X is uncountable and so is   CAV  . 

Thus AB  is uncountable. Therefore, AB  which means that (A)Cl- λωx . 

Corollary 2.17: If each nonemptyλ -open set of a topological space X is uncountable, then 

(A)Int(A)Int- λλω  for each closed set A of X. 

Definition 2.18: A function YX: f is said to be quasi λ -open if the image of each λ -open set in X is 

open in Y. 

Theorem 2.19: If YX: f is quasi λ -open, then the image of an ω - λ -open set of X is ω -open in Y. 

Proof: Let YX: f  be quasi λ -open and W an ω - λ -open subset of X. Let  Wfy , there exists 

Wx such that   yxf  . Since W is ω - λ -open, there exists a λ -open set U such that Ux and is 

countable. Since f is quasi λ -open,  Uf  is open in Y such that    Ufxfy    

and        CWUWU ffff   is countable. Therefore,  Wf  is λ -open in Y.  

Definition 2.20: A collection  αα :U of λ -open sets in a topological space X is called a λ -open cover 

of a subset B of X if    :UB holds. 

Definition 2.21: A topological space X is said to be λ - Lindelof if every λ -open cover of X has a countable 
subcover.  

A subset A of a topological space X is said to be λ - Lindelof relative to X if every cover of A by λ -open sets 

of X has a countable subcover. 

Theorem 2.22: Every λ - Lindelolf space is Lindelof. 

Theorem 2.23: If X is a topological space such that every λ -open subset is λ -Lindelof relative to X, then 

every subset isλ -Lindelof relative to X. 

Proof: Let B be an arbitrary subset of X and let  αα :U  be λ -open cover of B. Then the 

family αα :U  is a λ -open cover of the λ -open set    :U  . Hence by hypothesis there is a 

countable subfamily N:U iα α
i

 which covers    :U . This subfamily is also a cover of the set 

B.  

Theorem 2.24: Every λ -closed subset of a λ - Lindelof space X is λ -Lindelof relative to X. 

Proof: Let A be a λ -closed subset of X and U
~

 be a cover of A by λ -open subsets in X. 

Then  AXU
~

U
~ *   is a λ -open cover of X. Since X is λ - Lindelof, 

*U
~

  has a countable 

subcover
**U

~
  for X. Now  A XU

~ **
 is a countable subcover of U

~
for A, so A is λ - Lindelof relative 

to X.  

Theorem 2.25: For any topological space X, the following properties are equivalent: 

(i)  X is λ -Lindelof. 

(ii) Every λ -open cover of X has a countable subcover. 

Proof:
 

(ii)(i)  : Let αα :U   be any cover of X by ω - λ -open sets of X. For each Xx  , there 

exists   xα   such that  xαx U  . Since  xαU   is ω - λ -open, there exists aλ -open set  xαV  such 

that  xαx V  and    xx  VU   is countable. The family   X:V x
xα  is a λ -open cover of X and X is 

λ -Lindelof. There exists a countable subset, say      ,........, 21 xαxαxα n  such that 
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  N:VX  i
ixα  Now, we have        

Ni

xxx iii



  UUVX

 

      




















Ni

x

Ni

xx iii
 UUV   . For each  ixα ,    ii xx  UV  is a countable set and there 

exists a countable subset  ixα of    such that    ii xαxα
UV     

ix   :U . Therefore, we 

have   
ix   :UX  . 

(i)(ii)  : Since everyλ -open is ω - λ -open, the proof is obvious.  

 

III. ω - λ -CONTINUOUS FUNCTION 

Definition 3.1: A function σ)(Y,τ)(X,: f  is said to be ω -λ -continuous if the inverse image of every 

open subset of Y is ω - λ -open in X. 

It is clear that every λ -continuous function is ω - λ -continuous but not conversely. 

Example 3.2: Let  cb,a,X  ,   X,a,τ 
 

and   X,ca,,σ  . Clearly the identity function 

σ)(X,τ)(X,: f  is ω -λ -continuous but not λ -continuous. 

Theorem 3.3: For a function σ)(Y,τ)(X,: f , the following statements are equivalent: 

(i)  f is ω -λ -continuous; 

(ii) For each point x in X and each open set F of Y such that   Fxf  , there is an  ω - λ -open set A in X 

such that Ax ,   FA f  ; 

(iii)  The inverse image of each closed set of Y is  ω  -λ -closed in X; 

(iv)  For each subset A of X,     ACl(A)Cl- fωf λ  ;
 
 

(v)  For each subset B of Y,
 

     BClBCl- 11

λλ ffω    ;  

(vi)  For each subset C of Y,
 

     CInt-CInt 11   fωf λ ;
 
 

Proof: (ii)(i)  : Let Xx  and F be an open set of Y containing  xf  .By (i),
 

 F1f  is ω -λ open in   

X .  Let  FA 1 f . Then Ax  and   FA f .  

(i)(ii)  : Let F be an open in Y and let  F1 fx . Then   Fxf . By (ii), there is an ω - λ -open 

set xU  in X such that
xx U  and   FU xf . Then  FU 1 fx x

. Hence  F1f  is  ω - λ -open in 

X.
 

:(iii)(i)   This follows due to the fact that for any subset B of Y,    BXBY 11   ff . 

:(iv)(iii)  Let A be a subset of X. Since   AA 1 ff    we have    ACl - A 1 fσf i

  

Now,   ACl f  is closed in Y and hence   (A)Cl(A)Cl- 1 ffω λ

 , for (A)Cl- λω  is the 

smallestω -λ -closed set containing A. Then     ACl(A)Cl- fωf λ  . 

:(iii)(iv)   Let F be any closed subset of Y. Then   1-Cl (F)f f     1Cl Ff f 
 

  FFCl  .Therefore,
 

   F(F)Cl- 11   ffω λ  consequently,  F1f  is ω - λ -closed in X. 

:(v)(iv)   Let B be any subset of Y. Now,
 

      BCl(B)Cl- 11   fffωf λ  .BCl  

Consequently,     BCl(B)Cl- 11   ffω λ . 

:(iv)(v) Let  AB f   where A is a subset of X. Then,
 

  BCl-(A)Cl- 1 fωω λλ  

      AClBCl 11 fff   .This shows that     .ACl(A)Cl- fωf λ    

:(iv)(i)   Let C be any subset of Y. Clearly,   CInt1f  isω - λ -open and we have 

         .CInt-CIntInt-CInt 111   fωfωf λλ  
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:(i)(vi)   Let B be an open set in Y. Then   BBInt   and     BIntB 11   ff  

  BInt- 1 fω λ
. Hence we have     BInt-B 11   fωf λ

 .This shows that  B1f  is ω -λ -open 

in X.  

Theorem 3.4: Let σ)(Y,τ)(X,: f be a ω - λ -continuous surjective function. If X is λ -Lindelof, then Y 

is Lindelof. 

Proof: Let  αα :V  be an open cover of Y. Then,    αf α :V1
 is a ω - λ -cover of X. Since X 

is λ -Lindelof, X has a countable subcover, say   




1

1 V
ii

f  and    :VV
i

 Hence 

    :V1

i
f  is a countable subcover of Y. Hence, Y is Lindelof.  

Definition 3.5:[1] A function YX: f  is said to be λ -continuous if the inverse image of each open subset 

of Y is λ -open in X. 

Corollary 3.6: Let σ)(Y,τ)(X,: f  be a ω - λ -continuous (or λ -continuous) surjective function. If X is 

λ - Lindelof, then Y is Lindelof. 

Definition 3.7: A function YX: f  is said to beω -
λ -continuous if the inverse image of each λ -open 

subset of Y is ω - λ -open in X. 

The proof of the following Theorem is similar to Theorem 3.4 and hence omitted. 

Theorem 3.8: Let σ)(Y,τ)(X,: f  be a ω -
λ -continuous surjective function. If X is λ -Lindelof, then 

Y is λ -Lindelof. 

Theorem 3.9: A ω - λ -closed subset of a λ -Lindelof space X isλ -Lindelof relative to X. 

Proof: Let A be an ω -λ -closed subset of X. Let αα :U  be a cover of A by λ -open sets of X. Now 

for each ,AX x  there is a λ -open set xV such that AV x  is countable. Since 

   AX:V:U  xx  is a λ -open cover of X and X is λ -Lindelof, there exists a countable 

subcover   N:VN:U  ii
ii x . Since  

N

AV



i

xi
 is countable, so for each  AV 

ixjx  , 

there is     ααxα j
:UU  such that  jxαjx U  and Nj . Hence 

    N:UN:U  ji
ji x   is a countable subcover of αα :U   and it covers A. Therefore, A 

is λ -Lindelof relative to X.  

Corollary 3.10: If a topological space X is λ -Lindelof and A is ω -closed (or λ -closed), then A is                          

λ - Lindelof relative to X. 

Definition 3.11: A function YX: f  is said to be λ -closed if  Af  isω - λ -closed in Y for each                      

λ -closed set A of X. 

Theorem 3.12: If YX: f  is an ω - λ -closed surjection such that )(1 yf 
 isλ -Lindelof relative to X and 

Y is λ -Lindelof, then X is λ -Lindelof. 

Proof: Let α
α

:U  be any λ -open cover of X. For each ,Yy )(1 yf 
 is λ -Lindelof relative to X 

and there exists a countable subset  y
1

  of  such that   yyf 1

1 :U)(    . Now, we 

put  )(VXY)(V yfy  . Then, since f is ω -λ -closed, )(V y  is an ω -λ -open set in Y containing y 

such that   )(U)(V1 yyf 
. Since )(V y  isω - λ -open, there exists aλ -open set )(W y containing y such 

that )(V)(W yy   is a countable set. For each ,Yy  we have   )(V)(V)(W)(W yyyy   and 

hence  )(W1 yf        )(U)(V)(W)(V)(V)(W 111 yyyfyfyyf  
. 

Since )(V)(W yy 
 
is a countable set and )(1 yf 

 is λ - Lindelof relative to X, there exists a countable set 

 y1  
of   such that     yyyf 2

1 :U)(V)(W    and hence  )(W1 yf 

 

   y2:U     .U y  Since Y:)(W yy   is a λ -open cover of the λ -Lindelof space Y, 
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there exist countable points of Y, say ...,..., 21 nyyy such that  N:)(WY  iyi  . Therefore, we obtain 

 
N

1 )(WX



i

iyf
   

 
N 12

UU
 













































i yy ii 





     N,:U 21  iyαyα iiα . 

This shows that X is λ -Lindelof. 
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