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 Abstract: A given theorem is a some advanced proof in product summability of infinite series.Many other 
results some known and unknown are derived . 
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I. Introduction : 

Let  an  be a given infinite series with partial sum 
nS    . Let  nu

 denote the 
thn Cesàro mean of order 

1   of the sequence   ns . 

The series  an is said to be summable  C, k , k 1  , if 
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           (1.1) 

Let  np  be a sequence of positive real constants, such that 

 P = p + p +.......pn n0 1
         as , n                          1 1P p 0    

The   N,p  transform of  n of   ns  generated by  np  is defined by – 
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                   (1.2) 

The sequence-to-sequence transformation- 
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p s
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     (1.3) 

defines  the sequence  { n } of  
 nN,p

 transform  of  
 ns

 generated by 
 np

,  

The  series an is said to be summable  n k
R,p , k 1 , if – 
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      (1.4)  

 

In special case when np 1 ,  n  n k
R,p  summability reduces to 

k
C,1  summability.  

 The series an is said to be summable    N,p N,q  when the   N,p  transform  of  the 

 N,q  transform of   ns  is a sequence of bounded variation. 

Let   nT defines the sequence of  nN,q  transform of the  nN,p  transform of  ns  generated by the 

sequence   nq  and  np  respectively . 

The series an is said to be summable    n n k
R,q R,p , k 1 , if 
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and 
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T ; n a ;a T T


  





 
     
 

δ

kA  (1.6) 

We may assume , 

 
n 0 1 2 nQ = q + q + q +.......q    ;  n  

 n 0 1 2 nR = r + r + r +.......r   ;   n  

 

In 2008, SULAIMAN [3] proved the theorem.The main objective of this paper is to generalize the theorem of  

SULAIMAN[3]. However our theorem is as follows. 

 

 

II. Theorem 1 

 Let  k 1  and  0  ,  n  be a sequence of constants, 
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n

v r r

r v

F p f


     (2.1) 

Let  n n np Q P     (2.2) 

 

k k 1 k k k 1 k 1

n v

k k
n v 1 n n 1 v

n q v q

Q Q Q

      

  

 
  

 
    (2.3) 

Then, sufficient conditions for implications- 

an is summable n k
R,r ,  n na  is summable   

   n n k
R,q R,p ,   (2.4) 

    are, 

  v v vF Q   (2.5)  

  n nQ           (2.6)  

  v v v vp R Q   (2.7)

  v v v v v v 1 vp q R Q Q r        (2.8)

  v v n n n n np q R P Q r    (2.9)

  v 1 v v 1 v vR F Q r    (2.10)

  v 1 v v vR Q r    (2.11) 

 

THEOREM 2 

        Let ( 2.3) be satisfied and 

  v v vP p Q    (2.12) 

  n nQ nq   (2.13) 

then, necessary  conditions for implication  (2.4) to be satisfied are ,         
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        (2.14) 

 

III. Proof Of The Theorem 1: 

 Let   nS  be the sequence of partial sums of  n na  . Let  
nv and 

nV  be the  nN,r , 

 nN,q ,  nN,p  transforms of the sequences  ns ,  nS  respectively, 

We write, 

 t = v - vn n n-1
,   

n n n 1T = V - V 
 

Therefore , 

 

n
n

n v 1 v
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    (3.1) 
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    (3.2) 

 

n

v v v

v 0n

1
p S f

Q 

    

Also, n n n 1T = V - V   

 

n
n n n n

r r r

r 0n n 1 n 1

q p S f
p S f

Q Q Q 

   

 

v r n
n n n

r r v v v v

r 0 v 0 v 0n n 1 n n 1

q p q
p f a a

Q Q P Q   

       

 

n n n
n n n

v v r r v v

v 0 r v v 0n n 1 n n 1

q p q
a p f a

Q Q P Q   

     
 

 

n n
n v

v 1 v r r

v 1 r vn n 1 v 1

n
n n v

v 1 v

v 1n n 1 v 1

q
R a p f

Q Q R

p q
          R a

P Q R



  



 


 




 


 

           

n 1 v n n
vn n n n

r 1 r v r r v 1 v

v 1 r 1 r v v 1n n 1 v 1 n 1

q p f
R a ( p f ) R a

Q Q R R



 

     

    
      

   
         



 

A  New Thoerem On Product Summability Of Infinite Series   

www.iosrjournals.org                                                            46 | Page 

  

n 1 v n
vn n n

r 1 r v 1 v

v 1 r 1 v 1n n 1 v 1 n 1

p q
R a ( ) R a

P Q R R



 

    

     
      

    
                   

 

n 1
v 1 v 1n

v v v v v v v v v v 1

v 1n n 1 v v

n n n
n n n

n n 1 n

R Rq
t f p t f t F

Q Q r r

p q R
           t f

Q Q r


 







 
       

 

  


 

            

n 1
v 1n n n n n

v v v v n n

v 1n n 1 v n n 1 n

Rp q p q R
t t t

P Q r P Q r




 

  
        

  
  

 

7

nj

j 1

T


  (3.3) 

In order , to complete the proof, it is sufficient to show that- 
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n, j

n 1

n T


  



  , j=1,2,3,4,5,6,7   (3.4) 

Now appling Hӧlder’s inequality, 
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   {using (2.5)} 
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  {using (2.10)} 
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    {using (2.8)} 
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           {using (2.3)} 

  1   {using (2.6)}  
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  {Using (2.11)}    (3.5)  
   

Finally, 
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 {using 2.9} 

         (3.6) 

  1  

This completes the proof of the THEOREM 1.   
 

PROOF OF THE THEOREM 2 : 

For   k 1 , 0  , define- 

 A  { ja ; ja  is summable n k
R,r , }  

 B  { j j jb ; b   is summable   n n k
R,q R,p , }    (3.7) 

from  (3.3), we have- 

 

n
n v n n

n v v

v 1 n n 1 n n 1

q F p q
T a

Q Q P Q  

 
   

 
           (3.8) 

with  nt  and nT  as defined by (2.12) and (3.8), the space A
 and B

 BK-spaces with norms defined by- 
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respectively, by the hypothesis of the theorem, 

 
1 2

c c          (3.10) 

               The  inclusion map   i;  A B   defined by  i(a)=a is continuous since A
 and  B

 are  BK-

spaces. By the closed graph theorem, there exists a constant, K>0, such that- 

 
2 1

c K c     (3.11) 

Let   ne  denote the 
thn  coordinate vector, from  (3.4) and (3.8)  with  na  defined by  n n n 1a e e   , 

n=v, na =0, otherwise , we have 
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From  (3.9),  we have – 
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Applying (3.11), we obtain- 
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As the right hand side of  (3.13), by (2.3) is 
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And the fact that each term of the left hand side of (3.13) is    
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 ,  we obtain-        
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Which implies by (3.3)- 
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that  is – 
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Also, we have by (3.13) 
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The above, via the linear independence of  v  and v  implies-
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  {using (3.3)} 

As  by (3.4), via the mean value theorem, 
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Then,  
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Which implies 
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Also by (3.14) 
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This completes the proof of the THEOREM  2. 

 

IV. Corollaries 

 

Cor. 1 

 Let  k 1 , define-  
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Then  sufficient  conditions for the  implication, 

an is summable 
k
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   (4.3) 

are  (2.5), (2.6) and the following-  

  Vvv Q    (4.4)              
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  v v 1 vv F Q   (4.7) 

  v vq   (4.8) 

  v vv Q   (4.9) 

Proof: The  proof follows from Theorem 1, by putting 

 
n np r 1   for all n. 

Cor. 2   If  0  , then above corollary reduces to Cor. (2.1) of  SULAIMAN[3]. 

Cor. 3  Let  k 1 , define- 
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  (4.10) 

 Let (2.2) be satisfied, then sufficient conditions for the implication, 

an is summable 
k

C,1,  n na  is summable   n k
C,1 R,p ,  (4.11) 

are,   v vF  v     (4.12) 

  v  = n   (4.13) 

  v vp  1     (4.14) 

  v v 1F  1    (4.15) 

  v  1     (4.16) 

Proof:The proof follows from Theorem 1 by  putting  n nq r 1  , for all n, noticing that (2.3) is satisfied as- 
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Cor. 4 

 If 0  , then above corollary reduces to Cor. (2.2) of  SULAIMAN[3]. 

Cor. 5 

 Let  vf , vF  be as defined in (4.1), let (2.3) and (4.2) be satisfied, then sufficient conditions for 

implications 

an  is summable n k
R,r , 

n na  is summable   n k
R,q C,1 ,   (4.18) 

are, 

(2.5), (2.6), (2.10), (2.11) and the followings- 
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Proof: The  proof  follows from Theorem  1  

 by putting  np =1  n . 

Cor. 6 If  we put 0  , then above corollary reduces to Cor. (2.3) of    SULAIMAN[3]. 

Cor. 7 Let vf  and vF  be defined in (4.1), let (4.3), (2.12) be satisfied and  

  vv Q  (4.22) 

then,  necessary conditions for the implication (4.3)  are, 
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Proof: The  proof follows from Theorem 2, by putting  
n np r 1   for   all n. 

Cor. 8 

 By putting  0  , corollary.7 reduces to Cor. 2.4 of SULAIMAN[3] . 

  

Cor. 9 

 Let 
vf  and 

vF  be  as defined in (4.5) , 

 let   v vP vp  (4.24) 

then, necessary conditions for the implication (4.10)  to be satisfied are, 
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   (4.25) 

Proof: The proof follows from Theorem 2 by  putting 

n nq r 1  , for all n, noticing that (2.3) is satisfied as in the 

 case of  (4.17). 
 

Cor. 10 

  By putting  0  , corollary.9  reduces to Cor. 2.5 of  SULAIMAN[3]. 

 

Cor. 11 

 Let 
vf  and 

vF  be  as defined in (4.1) , Let (2.3), (2.13) and (4.2)  be all satisfied, then, necessary 

conditions for the implication ( 4.18)  to be satisfied are,  
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  (4.26) 

Proof: The  proof  follows from Theorem 2, by putting   

np =1  n . 

Cor. 12  

 When 0  , corollary. 11 reduces to Cor. 2.6 of SULAIMAN[3]. 
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